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~ Abstract—This paper tackles the collision avoidance problem the co-operative control of multiple vehicles. By augmegti
in the Air Traffic Management Problem (ATM). The problem  the system with a binary “target state” indicating whether
consists in deciding the best strategy for new aircraft confjura- the target set is reached or not, the authors end up with a

tions (velocity and altitude changes) such that all conflig in the . S
airspace are avoided; a conflict being the loss of the minimum hybrid system at hand. Task completion is then guaranteed

safety distance that has to be kept between two aircrafts. OY imposing a hard terminal equality constraint on the targe
A mixed 0-1 linear optimization model based on geometric state. DellOlmo and Lulli (2003) [4] describe a model that
transformations for collision avoidance between an arbitary s solved by using exact optimization software combinedhwit
number of aircrafts in the airspace is developed. Knowing iitial an heuristic approach for large problems. Christodoulodi an

coordinates, angle direction and level flight, the new configration . . .
for each aircraft is established by minimizing several objetive Costoulakis (2004) [5] propose a Mixed Integer Nonlinear

functions like velocity variation and total number of changes Optimization approach to solve the conflict problem. Their
(velocity and altitude), and forcing to return to the original method allows velocity changes and heading angle control to

flight configuration when no aircrafts are in conflict. Due to the gglve all potential conflicts using only standard optimiaat
small computational time for the execution, the new configuation  gstware, but it may require more computational effort than
approach can be used in real time by using optimization softare. . . . L
what it could be affordable. Two integer linear optimizatio
models for conflict avoidance between any number of airborne
aircrafts are proposed in [6], the first one a pure 0-1 LP which
avoid conflicts by means of altitude changes, and the second
one is a mixed 0-1 LP whose strategy is based on velocity
. INTRODUCTION and altitude changes where the authors propose them for the
TM is currently based on prefixed routes that pilots hav@edium term Conflict Detection and Resolution.
to follow according with a certain flight plan. Next years The main contribution of this paper is to extend and improve
aim is extending the airspace considering “Free Flight’ereh the Velocity Changes (VC) model proposed by Pallottino [7]
pilots and airlines can decide freely on the control of thghli and Pallottino, Feron and Bicchi (2002) [8]. See also [9]isTh
keeping in touch with air traffic controllers. To preservée$a model considers instantaneous changes. The main extension
in air flights, the Conflict Resolution Problem has been stddito the VC model are as follows: (1) Altitude changes are
deeply from different points of view. allowed to avoid infeasible situations in the VC problem
On a recent paper by EUROCONTROL [1], aimed tgaused by the velocity bounds, or “head to head” conflict
specify the required capabilities of Medium-Term Conflicsituations; (2) the case discussed in [8] where the dendoiina
Detection (MTCD) for Air Traffic Management Systems, thés zero, causing physical collisions between the corredimgn
MTCD system is required to detect and notify the controllegircrafts, is avoided in our proposed model; (3) Differeafesy
about the probable loss of the required separation betwaadius are considered since the safety radius for an diicaaf
two aircrafts, an aircraft penetrating restricted airgpasr be adjusted differently. This feature can be applied tolidel
an aircraft blocking airspace that might have been used the wind factor in the model, extending the safety radius
some other ones. That paper considers that, although fligfhbad weather conditions are existing; (4) A false conflict
data and trajectories are provided to the MTCD, some usituation due to the geometric construction is studied;Alb)
certainty is likely to be on the trajectories. It distindués aircrafts will be forced to return to the initial configumati
too between tactical and planned trajectories. Kuchar amdhen the conflict situations are avoided; and (6) All changes
Yang (2000) [2] and references therein present a survey infthe aircrafts configurations are updated since aircnaifts
conflict, detection and resolution modeling methods wittirth higher number of changes will be penalized for the equitable
own classification. Obstacle avoidance using the linedrizdistribution of the maneuvers. For this purpose a mixed
constrained Uninhabited Aerial Vehicle (UAV) dynamic hainteger linear optimization (MILO) is proposed. The reguair
been modeled by Richards and How (2002) [3]. According tmputing time for optimizing realistic sets of aircrafts i
these authors, the Centralized Model Predictive Contrsl haonflict is so small that the approach can be used in real time
been widely developed for constrained systems with maoyperations.
results concerning robustness and it has also been applied tThis paper is organized as follows: In Section Il the general
, features of the problem required to build the MILO model are
A Alonso-Ayuso, L. . Escudero and F.J. Martin-Campo aréhvihe described as well as some changes in the VC model. In section
Department of Statistics and Operations Research, Uitiyétsy Juan Carlos,
Madrid-Spain. Corresponding author: javier.martin.ca@urjc.es Il the VC model is presented. In Section IV the formulation
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of our proposed model is developed. Section V presents thev;;,
full problem formulation as well as the dimensions of the
model. Section VI reports the results of the computational
experimentation to verify the efficiency of the proposal and hth,;,
its application in real time. Finally, Section VII presestame
conclusions and the main lines of future research.

SCij,
I[I. PROBLEM STATEMENT PCij,

Aerial sectors and a given number of aircrafts flying in f
Cij,

an aerial sector as well as their configurations are coresider
An aerial sector being an airspace portion supervised by an,

angle between aircrafts and j that depends on
the quadrant on whiclj lies considering aircraft
centered in the origin.

0-1 parameter that determines if there is a “head to
head” conflict for aircraftg and ;.

0-1 parameter that determines if two aircraftand

j have the same coordinatesandy.

0-1 parameter that determines if there is a “patho-
logical case” between aircrafisand j; see below.

0-1 parameter that detect if there is a “false conflict”
between aircrafts and j; see below.

air traffic controller (ATC). 1Dij s inter;ection'point'between straight line trajectories
Next, all elements concerning velocity and altitude change fqr aircraftsi andj. . . N
model (VAC) are detailed: ;j» distance b_etween thga!rcraft position andp;;. See
Sets £, disiancs beweon pomfer -cos(). i +sin(rn)
. . iy i T COS(My; ), Y; —SI(1;
F,  setof fl|ght_s n the ;ecto(rl,,.,,F)_ . i and ip;; for aircrafts: and j. See fyalse conflicts
Zf, set of admissible flight levels for aircraft ¢ F, descri Jt
ption.
L,....2) pij, 0-1 parameter that will be one if the couple of
Parameters aircrafts: and j will not be taken into account for
t, current time. the conflict resolution. This parameter depends on the
wy, Weight (between 0 and 1) for each objective function criterion decided by the air traffic controller. Notice
term forn=1,...,5 that this parameter will be one jfc;; = 1.
For all f € F: Variables
z,y,the position (abscissa and ordinate) of aircpaft ~ For all f € £

x}, y},the out of sector position (abscissa and ordinate) of ¢,
aircraft f.

ty,  the out of sector predicted time of aircraft

vy,  current velocity in timet, of aircraft f.

v}, initial velocity configuration for aircraff.

2y,  current flight level in timet,, of aircraft f. ay,
z7,  initial flight level configuration for aircraftf.

v, Uf, minimum and maximum velocity for aircraft.

E}, initial direction of motion in(—m, x| for aircraft f. by,

safety radius for each aircraft usually 2.5 nautical
miles.

n%,nynumber of changes in velocity and altitude in the s,
sector for aircraftf until the new execution, respec-

T‘f,

tively.
t(},t}c, entrance and exit times for aircraft in the aerial
sector.
+ - . . .
c‘]‘c ,c‘;costs for positive and negative velocity changes for
aircraft f.

c{c, cost for number of levels that aircraft changes. R
c}, ¢}, costs for changing velocity and altitude for aircraft vE

c?, cost for different velocity with the initial flight plan
for aircraft f.

cjf, cost for different altitude level with the initial flight
plan for aircraftyf.

Data preprocessing: For afl € F:

§n

1j%

v b
! sector point at the predicted time for aircrtt
Data preprocessing: For allj € F :i < j:
d;;, distance between aircraftsand j.
Wigs
and the abscissa axis. See Fig. 1.

For all ¢,

velocity variation for aircraftf. This variable is real,
and we divide it in two nonnegative variables, say,
qf andg;, such thay; = g —q; as it is standard

in optimization, whereq}“ and q; are the positive
and negative velocity variation for aircraft

0-1 variable that takes value 1 if aircraftchanges

its velocity at the end of the current execution and,
otherwise, it is zero.

0-1 variable that takes value 1 if aircraftchanges
its altitude at the end of the current execution and,
otherwise, it is zero.

nonnegative integer variable that shows the number
of levels that the aircraff ascends or descends.
auxiliary nonnegative continuous variable that mod-
els the absolute value of the difference between
current velocities and initial velocities as a linear
function for aircraftf.

Forall f € Fandz € Z:

0-1 variable that takes value 1 if aircraft is at
altitude levelz at the end of the current execution
and, otherwise, it is zero.

jeF:i<jandze Z'UZiandn=1,..,5:
auxiliary 0-1 variables to model or-constraint types.

The problem consists in avoiding all conflicts in a certain
aerial sector by using a mixed integer linear optimization
optimal velocity configuration to arrive to the finalformulation. Then, some standard optimization softwark wi
be used to solve the problem.

IIl. THEVC PROBLEM

is the angle between the line that joins the aircrafts In this section the VC model proposed by Pallottino et al. [8]
(2002) is briefly presented. Given a set of aircréftwith their



flight configurations (positions, angle of motion and veliesi)

the aim is to decide what the best strategy is for the new
configuration avoiding all conflicts. The conflict avoidance
constraints is based on the geometric constructions in Fig.

where all parameters needed for the model are contemplated.

The main idea of this model comes from the construction of
the relative velocity vector between two aircraftand j that
is ¥; — ¥;, and depending on the tangent of this one and the
tangent of angles and! (see Fig. 1) a conflict situation can
be detected. Therefore no conflicts occur between airciafts
andj if one of the next expressions is satisfied:

(vi + i) sin(m;) — (vj + ¢;) sin(m;)
(vi + i) cos(m;) — (vj + g;) cos(my)
(v; + i) sin(m;) — (vj + ¢;) sin(m;)
(vi + gi) cos(m;) — (vj + g;) cos(my)

> tan(lij) (1a)

g tan(rij), (1b)

wherewv + ¢ is the optimal velocity for the conflict avoidance.
These expressions are nonlinear but if both hands of the
inequalities are multiplied by the denominator, the new ex-
pression will be linear considering the sign of the denotana
since, if it is negative, the sense of the expression must be
changed. Then there are four different cases that are ntbdele

by using varlableém, forn =1,2,3, 4. The objective function .

(b) Angles for the conflict avoidance constraints

Geometric Construction for the VC problem.

consists of maximizing the sum of the velocity variations,
so all possible conflicts are avoided in minimum time. Next

the complete model (including the or-formulation by usihg o different aircrafts are flying along the same straighé|i

variables) is presented:

F F
max E q; = min E —q;
i=1 i=1

subject to:

(vi + i) cos(m}) — (v; + q;) cos(m}) < My(1—6})
(v + q;)h; — (vi + @i)hi < Ma(1 —6};)
(vi 4 i) cos(my) — (vj + q;) cos(m) < Mz(1 — 67))
(vi + qi)ki — (vj + qj)k; < Ma(1 — 51'2.7')
(vj + ¢;) cos(m ) (v; + ¢;) cos(m?) < Ms(1 — 6%-)
(Uz + Qz)hz (Uj + Qj)hj < ]\/[6(1 - 613])
(v; + q;) cos(m) — (vi + ¢;) cos(m;) < Mr(1—67))
(v + q;)kj — (vi + qi)ki < Mg(1 — ;)

81 4065 + 0% +6) =1
where:
h; = tan(l;;) cos(m]) — sin(m;)
h; = tan(l;;) cos(m}) — sin(mj)
k; = tan(r;;) cos(m;) — sin(m;)
kj = tan(ry;) cos(m}) — sin(m})

and M, forn=1,...,8

IV. CONFLICT AVOIDANCE CONSTRAINTS FOR THEVAC

Q

re large enough numbers.

PROBLEM

with opposite directions, persecution cases where twe difft
aircrafts are flying along the same straight line with the sam
direction of motion, but one of them is flying faster than
the first one, and cases where the bounds of the speeds are
insufficient to avoid the conflict situation cannot be solsd

only applying velocity changes. Speed changes are also very
expensive when the distance between aircrafts is less tan 3
40 nmi (see [10]). To avoid these situations, an extensidineo

VC problem including altitude changes is proposed, rasylti

in the Velocity and Altitude Changes problem (VAC).

The VC problem assumes that all aircraft safety radii have
the same value; = s/2 wheres is 5 nautical miles and,
under this assumption builds all angles based on symmetric
geometry. Considering different safety radii constitigegod
approximation to the realistic problem, since each aitdra
a different configuration depending on the aircraft weight,
the aerodynamic configuration, the aircraft size, etc. When
different aircraft radii are considered, two interior tenglines
to two circumferences have to be computed as well as one of
these two straight lines slope.

Now, obtaining then;; angle is easy by using the archtan-
gent of this slope:

Ti+T;
o = arctan( W ),
whered,; is the distance between the aircraftandj. If it is
preferred, thex angle can be used to calculate the rieamgle
or ther angle, see [8], by considering that all safety radii are
the same. If the wind factor only acts in one direction the
previous is also useful to take into account this factor.sThi

A solution to the conflict problem does not always exigstalculation is only valid if the two aircrafts distance isgter
in the VC model, since cases such as “head to head”, whénanr; +r;. If the distance is equal to, 4 r;, the slope tends



to infinity, since there is only one tangent point. If the diste
is less than; + r; the two circumferences have a non empty
intersection and only exterior tangent straight lines teXisr
these latter cases the parameier is considered, see below.
With the inclusion of altitude levels, the model of the
VC problem has to be expanded, since it can happen that
two different aircrafts have a conflict in which a velocity
change is insufficient to avoid the conflict situation. Hoeev
if the aircrafts fly at different altitude levels, then thesdl
be no conflict. In order to solve these conflict situations,
altitude changes will be taken into account and, therefofd?d 2
some changes in the VC problem will be introduced.
l\_loﬂce t.hat if altitude changes are c0n5|dgrgd, the_ four The new altitude configuration will be saved in the
variables in the VC problem have to be modified to include_ . : .
. . : Variables and the following constraint ensures that earcinet
the dimension of the altitude.

Additionally, a new variables?.. will be included in the " 3t One and only one level:

model to avoid infeasible situations that could occur in the Z vi=1 VfeF. (4)

sum of thed variables constraint in the VC model. This new sezf

variable will take value0 if there is a conflict between the

aircraftsi andj at the same level; and it will take valuel if

there is no conflict at the same level between those aircra

The use of this new variable is advantageous in the sense t

it is able to detect infeasible situations given by the vigjoc 5ij =1 if hthij =1,Vi,j € F:i< jVz € Zin ZJ.

bounds when two different aircrafts are nearby or an aitcraf -

flies faster than the other one, for instance. It can occur that two aircrafts have similar coordinates and
All VC model constraints must include the dimensioin they must fly at different altitude levels to avoid colliseoiThe

the § variables. Also the sum of thé variables has to be Parametersc;; will take the valuel if the distance between

1. Now, if two different aircrafts fly at different levels, thetwo different aircrafts is less or equal tp+r;, i.e., the safety
variable §5. will be forced to take valuel and viceversa. distance, and itis zero otherwise. Tétevariables can be fixed

jz . . .
Thus, the inclusion of the following constraints achieves o0 1 in preprocessing as follows:
purpose. 8. =1 if sci;=1Vi,je F:i<jVzeZ'nZz.
ViV =6, —1 VijeFi<jNzeZ Nz
<1

z z
v; +v;—1

“Head to head” conflict.

Now, when a “head to head” conflict occurs, the VAC model
{torces the two aircrafts in conflict to have different altieu

S
ﬁ},{?ls as follows:

. . These previous constraints are used to fix séfneariables

- 6?jz Vi,jeF:i<jVzeZ'N2Z. to help speeding up the execution but they are not indispens-
able for the VAC model, since detecting infeasible situzics
autonomous. The two previous constraints can be aggregated
into one:

It is easy to check that i6?;, = 1, then the two aircrafts
fly at different levels since;; + v; < 1 and, if 6;;, = 0 the
previous sum is greater thanl and smaller thar, i.e., the
sum is not restricted. 55 —1 if hth;: +sci: > 1
The model approach presented in this paper forces flying “* “ A

o S i~ 2i
aircrafts to lie at different altitude levels in case of a &be Vi,jEFi<jVz €2 NZ.

to head” conflict. During the first step of the algorithm, Generally the altitude changes are the cheapest ones ia term
preprocessing can detect “head to head” conflicts and, theryf fue| costs, but are the most expensive ones in terms of
parameter nameflth can be fixed to the valug, while the passenger comfort where horizontal maneuvers are preferre
rest of thehth parameters will be fixed to value All *head  also, they increase the safety in maneuvers since the stnda
to head” cases between every pair of aircrafts can be detegi@rtical separation is 1000 ft opposite horizontal sefamat
in preprocessing and these cases occur when the followdgt is 5 nmi (see [11], [10]. During the first step of the
conditions are satisfied (see Fig. 2): algorithm, the VAC model could force aircrafts to climb or
descend only one level. To avoid possible changes of more
than one altitude level the following constraint is used:

z f.
where &;; depends on the quadrant on whi¢h;,y;) lies vpsO VferVee2iizadzpzgap sl ()
considering(z;, y;) centered in the origin. That i&;; = w;; The constraint (5) may cause infeasible situations if the
if it is on the first or on the fourth quadrant;; = w;; + 7 airspace is very busy and only one change in altitude level is
if is on the second one; ant;; = w;; — « if is on the third insufficient to solve the problem efficiently. In a busy aase,
one. Then, in this situation, the parameteh;; is fixed to 1, it can occur that the VAC model has infeasible situationsiwhe
forcing the two involved aircrafts to fly at different altte aircrafts can not change more than one level. In these cases,
levels, since previously th& variables are fixed ta. we must allow the aircrafts to change two or more levels,



but forcing these changes to be as small as possible. For

this aim, a new variable say;,Vf € F will be included L] 1
in the model. It will take the number of altitude levels that

an aircraft climbs or descends. This number of changes can & i = U %
be greater than one and it will avoid infeasible situatioms i V

a busy airspace. The number of altitude levels changed by an

aircraft can be modeled as follows:

Pf:’ Y iz

z€ZS

Fig. 3. False conflict case between aircraftand j

The first addend gives the new level in which the aircra\f/ghereM1

t be after the optimizati , Wariables take val = —¢ is the lower bound ofjf +¢; — & My =
must be after the optimization, since allvariables take value __ . 4+, - , Coe

! . \ . i —wvy is the upper bound ande is an infinitesimal
0 except thev variable inz € Z/ in which the aircraft Ur— s PP ij tay N

. . . .. parameter. It is easy to see that if there is a velocity chémge
flies after the execution. The second addend gives thelinit y y chéorg

. . . : 2T craft f € F, thenq} + ¢, # 0, and the second constraint

1 f f 1
level in which the aircraft fI|es.before the qptlmlzqt!on.eTh forcesay to take the value. On the other hand, if there is
absolute value makes the previous expression positivécéot

. S . ) not a velocity change for aircraft € F, thengt +¢; =0
’ j f ’
that this function is not linear so it has to be transformemt. F nd the first constraint forc to take the valu®.

this purpose, the maximum function between the dif'ferences.l_he next step is changing the value igf from 0 to 1 if
Z zvp —zp andzy — Z zvj is taken. That is, there is an altitude change. With the following constraing

2e2/ 2e2/ number of altitude changes is updated:
pf:’ZZV;—Zf: ble—y;f VfeF,
zeZf
. . since if aircraftf flies at the same level before and after the
max{ Z ZVf—Zf,Zf— Z ZVf}. . . zjﬁ .
= e current execution, then the varia will take the valuel

_ o _ _ -and the difference will b@, i.e., the aircraft does not change
The maximum function is also nonlinear but it can be easils altitude level. On the other hand, if the aircrftflies at

modeled with two additional constraints as follows: different altitude levels before and after the current exiea,
27 will be 0 and b; will take the valuel, i.e., the aircraft
> V5 — 2 YferF 6a) Yr W ; ! f , L.e.,
EDIE A / (6a) changes its altitude level.
z€ZS . .

; False conflicts may happen in the VC model where two
pf 2z Z Vi vfEeF. (6b) aircrafts that are not in conflict are forced by the VC model
z€Zf to change their velocities owing to the fact that the geoimetr

The constraints (6) force; to be the maximum betweenconstruction permits this situation as can be seen in Fig. 3.
the two expressions above, becapgenust be higher or equal In these cases the expression (1) indicates there is a ¢onflic
than the two expressions apg only can be greater or equalsituation but the velocity vectors shows that there is ndlain
than one expression, except there is no level change. In this avoid this situation the following parameter is used only
case, both (6a) and (6b) are trivially fulfilled; being zero. when the two straight lines (aircraft trajectories) areasg¢in
Now, all constraints are linear ones ahd, . py has to be parallel or same straight line either there is no conflichere

minimized. is a “head to head” or a “persecution” situation, then, will
In the VAC model, an objective function consists in minibe one in the first case):

mizing the number of velocity and altitude changes perfame L i —d = OA DS —db > 0N se hth £ 1

by each aircraft. Since the algorithm will be iterativelyeex ., — { i Y > ji — Gji > UASE a

cuted, the updating of the number of changes by each aircraft 0 otherwise,

is necessary to balance the number of maneuvers performed 1 ) o o
by each aircraft. In a first approach the number of veloci&ﬁ‘er dij = dist{(zi,y:),ipi;} and dy = d'Stj{(xi +
changes will be counted. With constraints (7), it happeas tH°3(":). ¥i +sin(m,)), ip;; } beingip; the intersection point
variablea takes valuel if a velocity change occurs and thisbetween the two straight lines considered, that can be calcu

happens ifq;| # 0. The absolute value is a nonlinear functiorlnat_Ed duri_ng .the firgt step of the algorithm. Notice that with
and expressing it as a linear one in the traditional optitiiza this notationip;; = ip;s- _ . .

way is requirediqy| = g5 +q; whereq} = max{gy,0} is the " Ilf feij f|': 1 the parametep;; will be 0|r<1.e smcel it a
positive part ofy; andg; — max{—qy,0} is the negative part alse conflict” occurs it is not necessary making a velocity

of 0+ These two new variables are positive g £0 altitude maneuver that is forced in constraint (20) when the
orare P P gj 4y sum of § variables has to be zero. Notice th&t parameter
is equivalent tag; +q; > 0. Thus,

detects if two aircrafts are getting far among themselves.
Mi(1—ay)+e< q;r +q; VfeF (7a) Pathplogical_cases may happen in the VC model, §inc§ null
: : denominators in expression (1) may appear when implicitly

+ -
a5 +4;5 < Maay vfeF, (7b) computing the relative velocity vector tangents in the VC



model. These pathological cases may cause unstable aitsativas considered by maximizing the velocity variations, vahic
in which conflicts between the involved aircrafts cannot bdoes not make sense when aircrafts fly with an intermediate
solved and aircrafts are forced to crash. velocity and they have to be accelerated due to this obgectiv
One of the most relevant contributions of this paper #&inction. To make early arrivals or arrival delays as small a
the treatment of these pathological cases. The proposed Vp@ssible, the minimization of the velocity variations sthe
model implicitly detects them in preprocessing. When agathabsolute value function to avoid high changes in the initial
logical case occurs between aircraftand j, the conflict is flight plan is proposed. This is done as follows,
sorted out by turning only the motion angles of the involved . _
aircrafts. min Y |gs| = min Yy (4 gf +cb gf).
To detect posible pathological cases between two aircrafts fer fer
in preprocessing a 0-1 parameter is used. This paramete val piterent objectives are considered but with different miag

will be one in case the relative velocity vector tangent &ng,jes Al magnitudes involved in velocity changes expicess
to infinity and will be zero otherwise. Only pairs of airc&ft ;.o o rmalized (betweehand 1) as follows

with similar abscissa coordinate are considered. The fbrma
definition of the parameter being:

+ _
minz (_CI} q? +_CI} 9 )
1 if |.§CZ‘—IJ‘|<’I’1'—|—TJ' feF ’Uf_yf ’Uf_yf
Pei = {0 otherwise.
Only qu or q; will take value greater than zero, and the
All conflicts where the difference between the abscissas albjective function will make one of these variables equal to
aircraftsi and j will be taken into account since there mightzero. Notice thati; — v, is the upper bound of a velocity
be null denominator. Only in these cases, consideringadiscr variation for an aircraftf € F.
i andj, parameters:; andm; must be taken ag; = m; +7 In case of a very congested airspace, an aircraft may need
andmj = mj; + 7, i.e., the elements of the configurations areo climb or descend more than one level thus provoking
turned 3 radians since after this tur; — x;| > 0 if before unfeasible situations. A new term is introduced in the ofbjec
existed a pathological case. The idea is turning impli¢hilyse function to avoid unfeasibility. This option is modeled by
two configurations but only in the constraints where aitsraf adding the following term to the objective function as done
andj are considered. This does not mean that aircrafts makevigh (6), such that constraint (4) will be removed,
heading angle change, it means that the two aircrafts iegblv .
in a pathological case are compared in the constraint set as a min Z C?«Pf-
turn of all elements has been made. It has to be distinguished fer
what gngle (the initial or the turned ang_le) h.as to be comeitle  Another term to minimize is the number of velocity and
by using thepc parameter. The constraints in each case of thgir de changes done by each aircraft in the aerial sector.
VC model are rewritten as follows: Notice that the costs will increase when several changes are
« . « done in the same aircraft. The function is as follows:
(vi + i) (cos(my)(1 — peij) — sin(m])pei;) -
(vj +q;) (cos(m})(1 — peij) — sin(m])pei; ) min ) _(cjnyar + cnfby).
< M, (1=655.) e
Returning all aircraft configurations to the initial ones,
both in velocity and altitude is desirable. A new term can

— (vi + i) (hi(1 — peij) + hipes i ) .
(it g )( (1= peig) + ch)Jr be included so that the aircrafts return again to their ahiti

(v +qj)(hj(1 - peij) + hjp%') configurations when they are not in conflict. To model this

< My (1 =463.), term, the difference between the current velocity and tigin

- . . , " velocity configuration in the initial flight plan is penalite
wherecos(m; +3) = —sin(m;), M;, and My, are the UPPer a new term can also be included to penalize the difference

i e : ' — (DT Lo . .
bounds of the constraints;=1,...,4; My, = (v +7;) and  payeen the current level and the initial level configuratio
h; andh; are the new parametehs andh; built by using the .+ the 1 variable

" H H H
new turned angles. Thaf;,, value in these constraints will be The objective relative to the return to the initial velocity

as follows: configuration consists in forcing the aircrafts to arrive at

M = (Wi hi| + 551k ) (1 — peiy) + (Wilha| + 57|k | )pei;. the destination sector point in the predictgd time. For this
purpose, some observations about geometric construciiens

Finally, the objective function will be constructed inclnd  necessary; take Fig. 4 as support.

all factors and different objectives that are relevant fo@ t The distance between points, y;) and (I;,y}) can be

problem. They are detailed below. known in two ways:
First of all, the first objective consists of minimizing the

velocity changes absolute value, such that velocity change dist((zs,yy), (x},y})) = 5(t1 — t)

and an early arrival or an arrival delay to destination point

in each aerial aircraft sector are smoothed. In [8] this term

dist((zg,ys), (€}, y})) (xf —2p)?+ (y; —yr)?



1,1
@p ) subject to:

vf Svp+qp STf VfeF

Vi,jeF:i<jVzeZnNZi:

(vi + @) (cos(m;) (1 — peiy) — sin(m] )peij) —

(v; + ¢5) (cos(m)(1 — pei;) — sin(m])peis)

< (T +75)(1 - 6,
Fig. 4. Return to the initial configuration time < (@ +755)( isz)

— (vi + ¢i) (hi(1 — pesj) + iLipcij)

Hence, .
+ (v + q5) (hi (1 = peij) + hypeij)
op(ty —t) = \/(x}c —xf)?+ (y} —ys)? < (@3] ha] + 951 ]) (1 = peij)
where the velocity an aircraft might have to arrive at the + (@] + T51hi )peiz) (1 = 6;.)
destination point in the predicted time is:
\/(:1:} —z)2 + (y} — yp)? (vi + Qi)(COS(m:)(l — peij) — Sin(m?)pcz‘j)—

(v; + ¢5) (cos(m)(1 — pei;) — sin(m])peis)

t1 —1
Therefore, the difference between current and optimal ve- < @47 - 612jz>
locities to arrive at the destination point in the predictiede
is penalized as follows: (vi + ¢i) (ki (1 — peyy) + I%Z-pcij)
min Z c?|vf +¢f — vy| = min Z C?ﬁj’. = (v + ;) (ks (1 = peig) + kjpes;)
rex ferF < ((@3lks| +T5]k5 ) (1 = peig)
This function is non linear, but it can be modeled as a linear + (Wil ki| + T ks ] )pei; ) (1 — 57

function by using a maximum function as in (6). The addend
can be descomposed @g = vy +q;—v5 = (vf+q;r)—(q;+ i .
vy), and using it, two additional constraints are necessary: (v + qi)(c?s(mi)(l — peij) — sin(m; )pcij)‘k)
L~ (vj + q;) (cos(m;)(1 = peij) — sin(mj)pei;
By = (v +qf) — (¢ +75) ’ !

< (T +77)(1 - 63,)
Bt = (g5 +77) — (v +qf). !

1jz
A term to penalize the difference between the current level (vi + q:) (hi(1 = peij) + hipeiy)
and the initial level configuration is added with thevariable. b1 i
An aircraft takes its initial level configuration izf/;f =1, = (v +45) (A (1 = peij + hjpeij))

therefore, the new objective function will be as follows, < ((”_i|hi| +75|h;]) (1 = peij)
i R + (Wilhs| + T3]k )pes; ) (1 — 62,
max Z C; V;f = min Z —C; I/;f, ( l| Z| 3| 3|)p ZJ)( 1gz)
feF feF
. . * _ ) qd * .
Moreover, the objective function terms and some new costs (vi + g:) (cos(m; )(1 peis) Sm(fnl )pf”)+
to model other preferences like fuel consumption can beddde (vj +45) ( cos(m;)(1 — pei;) — sin(m] )Pcz'j)
Also, any linear combination of all them is possible just as < (@ +75)(1 - 6;5.)
considering weightsv,, for each objective function term =
1,...,5 to attribute the importance given to each term. .
— (vi + @) (ki(1 = peij) + kipeis)
V. PROBLEM FORMULATION + (v + ¢5) (k; (1 = peij) + kjpeij)
Next, the full VAC model is presented, where all unstable < (@ilkil + w51k; ) (1 = peij)
situations are considered and solved. + (W] + T ks ] )peis ) (1 — 5sz)
- - Ohje + 05, + 00, 40, +6%, =1—py
: €r 9 cr 9y o o L P
min wy — + = —|—wzz o5t Vi,je F:i<jVzeZ'NZ:
" Vg — Uy Vg — Uy
i e 6% =1 if hthy +scij > 1
VU a, ay ) _ 2* Z; ijz 7] SCij =
ws Z(cfnfaj +c§nfby) +wy Z cyBr —ws Z c; vy VP v > 65— 1
fer feF feF J wz
(10) vi v <2- 5%—5

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
(20)

(21)
(22)
(23)



TABLE |
VAC MODEL DIMENSION

VariabIeSq]T: F

Variables:z;: Fz

Variablesb: F Variablespy: F

Variablesgy: F Variablesdszz 5Z%
(a2) Number of variables

VariabIeSq;: F
Variablesay: F'

C. (11):2F C. (12)-(20):92 FE-1)
C. (1) zEEZD | ¢ (22)-(23):2F (F — 1)
C. (24):2F C. (25)-(26):2F
C. (27): F C. (28)-(29):2F

C. (30)-(31):2F
(b) Number of constraints

VfeF:
d vi= (24)
zeZf
—c(1—ay)+e<qf +4q; (25)
af +a; < (UF —vp)ay  (26)
1- vy =by (27)
Y iz <py (28)
zeZf
2= Y wi<opy (29)
2€Zf
(vr +aq5) — (a5 +v5) < By (30)
(¢; +v5) — (vy+a5) < By (31)
VfeF:
qr € R (32)
pr €L (34)
Vfi,jEF: i<jVee€Z:
V;v afr, bfv 51'1jzv 51'2jz7 5?jz7 5?jz7 5i5jz € {07 1} (35)

The objective function (10) contemplates the differentier

ws = wy = ws = 0, where velocity variations and the
levels that the aircrafts have to change are minimized. i th
objective functionc‘}+ =1,¢ =1and c§ =1,Vf € F.
The parametep;; is not considered unless the “false conflict”
situation occurs, therefore all pairs of aircrafts are makeo
account. Notice that we are consideriAg= 37 aircrafts in
possible conflict. Note: There are two aircrafts in each poin
(@) and (b); All aircrafts fly with the same velocity, except
aircrafts (c) and (d) that fly with a higher velocity to test
“pursuit cases”; Aircrafts (e), (f), (g) and (h) are in “fals
conflict” that implies an unnecessary velocity change.

Fig. 5(b) depicts the results of applying the VAC model for
collision avoidance in the case depicted in Fig. 5(a) a®feit

« 7 velocity changes have been performed. The dotted
line circles in the figure denote the positive variation of
velocity, and the dashed line circle denotes the negative
variation of velocity. In this case, all velocity changes ar
negative (slowdown).

« The points (a) and (b) still have two aircrafts each, but
the conflict has been avoided.

« The aircrafts (e), (f), (g) and (h) have not changed their
velocities since they are in a “false conflict”.

o There are 11 altitude level changes, 4 positive changes
and 7 negative changes, one of which descends two levels.

« The number of constraints, and continuous and 0-1 vari-
ables in the reduced MIP have been 2998, 37 and 1963,
respectively.

o The objective function value is 6.5562.

« The execution time has been 8.42 seconds by using the
optimization engine CPLEX v.12.1 [12] (with the default
options) in the following HW/SW platform: Intel Core
2DUO P8400, 2.26GHz, 2GB RAM; Microsoft Windows
XP Professional SO.

Next, some computational experience for the VAC model
is reported. 25 random simulations are performed for each di
mensional case, and the result averages are presentee.llTabl
shows the dimensions of the model, whereas Table Il reports
the most important results. The headings are as foll@ase:
Gives the case configuration: CAAA-ZZ denotes number of
aircrafts (AAA) and levels (ZZ)m: Number of constraints;:

explaingd above; constraint (11) Cof“ains the velocityrioisy Number of variablesj: Constraint matrix densityn*, n* and
constraints (12)-(20) detect conflicts that can be SOIV%d: the number of constraints, variables and constraint matri

with velocity changes; constraints (21)-(23) includetafte density, respectively,
changes in the model; constraint (24) forces aircrafts tafly
one and only one altitude level; constraints (25)-(27) t@da, .
the number of changes in velocity and altitude respect;ive%S

constraints (28)-(29) are for the number of altitude lexhé

an aircraft ascends or descends; constraints (30)-(3tg fo
aircrafts to exit from the aerial sector at the predictedetim
expressions (32)-(35) represent the type of variables @ t

model.

Table | shows the dimension of the VAC model. Notice th

after CPLEX preprocessing; Value
of the objective function in the continuous linear relagati
. Value of the bound after performing the CPLEX cut
entification and appending at node £;,: Value of the
objective function for the optimal solution of the problem;
bAPlp: % %; GAP;: % %; nb: Number of times
hat there is branchingin: Number of CPLEX branch-and-
ut nodesy;,: Time (secs.) to obtain the,, value;t,: Time
secs.) to obtain the, value;t;,: Time (secs.) to obtain the,
lue; nc: Total number of cuts performed by CPLEX. Note:

model dimension depends on the objective function of choicﬁhe minimum, average and maximum GAPs are reported in

VI. CASE STUDIES

Table 111,
In a realistic case, the number of aircrafts and levels vary

The VAC model has been initially tested with the casbetweenl5 and30 and betweerl and 10 levels, respectively.
shown in Fig. 5(a) by using weight®; = we = 0.5 and The airspace under consideration has 50x50 squared units
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(b) Results for the VAC model in case of Fig. 5(a)

Fig. 5. Testing the VAC model.

leading to a greater number of conflicts while the dimensiongl

are increased. The weights under consideratiomnare - - - =
ws = 0.2.

The first computational observation that can be made i&

TABLE Il
DIMENSIONS TABLE.

% *

Case ™m n d m n d*
C020-05| 10227.0 4773.1 | 0.0010 1312.0 803.4 | 0.0056
C020-07 14830.0 6910.0 | 0.0007 1838.8 | 1121.3 | 0.0041
C020-10 21100.0 9820.0 | 0.0005 2643.1 | 1587.1 | 0.0029
C025-05| 16750.0 7775.0 | 0.0006 1996.8 | 1205.4 | 0.0037
C025-07 | 23350.0 | 10825.0 [ 0.0004 2866.4 | 1683.6 | 0.0027
C025-10 33250.0 | 15400.0 | 0.0003 4207.2 | 2448.6 | 0.0019
C030-05| 24225.0 | 11205.0 | 0.0004 3054.0 | 1777.4 | 0.0025
C030-07 | 33795.0 | 15615.0 | 0.0003 3931.2 | 2292.7 | 0.0020
C030-10 | 48150.0 | 22230.0 | 0.0002 5403.9 | 3157.4 | 0.0015
C035-05| 33075.0 | 15260.0 | 0.0003 3960.6 | 2290.1 | 0.0020
C035-07 | 46165.0 | 21280.0 | 0.0002 5411.5 | 3119.7 | 0.0015
C035-10 | 65800.0 | 30310.0 | 0.0002 7206.3 | 4132.8 | 0.0011
C040-05| 43300.0 | 19940.0 | 0.0002 5453.7 | 3088.5 | 0.0015
C040-07 | 60460.0 | 27820.0 | 0.0002 6812.5 | 3919.8 | 0.0012
C040-10 86200.0 | 39640.0 | 0.0001 9981.9 | 5677.5 | 0.0008
C045-05 54900.0 | 25245.0 | 0.0002 6157.8 | 3505.6 | 0.0013
C045-07 | 76680.0 | 35235.0 [ 0.0001 9035.1 | 5088.6 | 0.0009
C045-10 | 109350.0 | 50220.0 | 0.0001 | 12474.6 | 6998.8 | 0.0007
C050-05| 67875.0 | 31175.0 [ 0.0001 7663.0 | 4326.1 | 0.0010
C050-07 | 94825.0 | 43525.0 | 0.0001 | 10831.9 [ 6077.8 | 0.0008
C050-10 | 135250.0 | 62050.0 | 0.0001 | 16204.9 | 9009.2 | 0.0005

VIl. CONCLUSION

The so-called VAC model, for the resolution of the Collision
Avoidance Problem has been presented. It adds to the VC
model [8] new interesting features, the most important ¢pein
the inclusion of altitude changes to avoid infeasible ineo
brought by velocity bounds. Also, the VAC model completes
the VC model in the sense that it takes into account null
denominator appearances and “false conflict” situatioss ju
as different safety radii consideration. This model looks f
an equilibrium in the number of maneuvers for each aircraft,
penalizing those ones with many maneuvers to realize. The
elapsed times are very small and, then, the model could be
applied in real time, helping ATC decision making.
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TABLE Il
RESULTS TABLE.

Case Zip 2s Zip GAP, | GAP, | nb nn tip ts tip nc
0.00 0.00

C020-05| 5.8940 | 6.1448 | 6.1548 4.24 016 | 0 0.00 | 0.03 | 0.09 | 0.09 | 10.9
100.00 1.74
0.00 0.00

C020-07| 5.1651 5.4854 5.5090 6.24 0.43 2 15.00 | 0.04 | 0.14 | 0.14 33.9
24.54 11.62
0.00 0.00

C020-10| 4.1421 4.2713 4.2951 3.56 0.55 4 14.75 | 0.06 | 0.19 | 0.19 18.9
12.41 4.35
0.00 0.00

C025-05| 9.7815 | 10.5492 | 10.6043 7.76 0.52 | 3 | 65.00 | 0.05 | 0.18 | 0.20 | 52.7
52.36 3.51
0.00 0.00

C025-07| 5.2982 | 5.4847 | 5.4943 3.57 0.17 | 1 | 20.00 | 0.06 | 0.22 | 0.23 | 37.1
41.63 1.50
0.00 0.00

C025-10| 7.7335 | 8.1448 | 8.1726 5.37 0.34 | 1 | 20.00 | 0.10 | 0.28 | 0.29 | 45.3
42.96 2.06
0.00 0.00

C030-05| 9.3827 | 10.6305 | 10.6904 12.23 0.56 6 | 22.33 | 0.07 | 0.35 | 0.38 | 103.2
100.00 67.79
0.00 0.00

C030-07 | 6.2307 | 6.9476 | 6.9917 10.88 0.63 | 3 | 11.67 | 0.10 | 0.36 | 0.38 | 63.0
100.00 6.56
0.00 0.00

C030-10| 5.0408 5.3576 5.3877 6.44 0.56 4 11.50 | 0.14 | 0.44 | 0.45 53.6
79.61 60.63
0.00 0.00

C035-05| 12.1933 | 13.6593 | 13.7500 11.32 0.66 | 11 | 15.55 | 0.10 | 0.52 | 0.59 | 188.1
57.01 7.19
0.00 0.00

C035-07 | 10.8919 | 12.2389 | 12.3179 11.58 0.64 3 12.00 | 0.14 | 0.50 | 0.54 | 139.3
100.00 8.95
0.00 0.00

C035-10| 9.8494 | 10.5824 | 10.6036 7.11 0.20 2 2.50 | 0.21 | 0.61 | 0.61 | 1324
41.72 9.42
0.00 0.00

C040-05| 13.3918 | 15.8004 | 15.9059 15.81 0.66 9 | 21.67 | 0.14 | 0.67 | 0.84 | 2294
76.51 3.87
0.00 0.00

C040-07 | 12.1882 | 14.0154 | 14.1239 13.71 0.77 7 13371019 | 0.84 | 1.01 | 263.6
85.95 5.14
0.00 0.00

C040-10| 8.0451 8.9149 8.9472 10.08 0.36 8 | 2163 | 0.28 | 0.96 | 1.12 | 219.2
47.74 6.26
0.00 0.00

C045-05| 9.5783 | 12.4974 | 12.6698 24.40 1.36 | 12 | 55.33 | 0.18 | 0.88 | 1.06 | 320.6
100.00 7.45
0.00 0.00

C045-07 | 7.3346 9.2808 9.4741 22.58 2.04 | 11 32.45 | 0.25 | 1.20 | 1.52 | 284.4
100.00 13.55
0.00 0.00

C045-10| 11.7084 | 12.9528 | 12.9969 9.91 0.34 4 18.25 | 0.37 | 1.15 | 1.23 | 241.1
93.13 3.06
0.00 0.00

C050-05 | 12.5373 | 15.7573 | 15.9703 21.50 1.33 | 13 | 68.08 | 0.23 | 1.29 | 1.65 | 325.3
100.00 75.43
0.00 0.00

C050-07 | 12.4788 | 14.9225 | 15.0525 17.10 0.86 | 6 | 43.50 | 0.32 | 1.25 | 1.63 | 377.2
100.00 5.21
0.00 0.00

C050-10| 9.1112 | 10.9886 | 11.0690 17.69 0.73 6 | 9233 | 047 | 1.78 | 2.32 | 415.5
100.00 30.51
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