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The revenue management problem for airlines utilizing interline itineraries, such as those com-
monly used within alliances, is considerably more complex than that faced by individual airlines 
managing isolated networks.  Additionally, while alliances seek to coordinate the partners’ ac-
tions, the partners within the alliance may be unwilling or unable to share complete information 
about their operations because of competitive, technical and legal barriers.  Both of these factors 
suggest that such agreements will usually represent a game of incomplete information. 

Wright et al (2010) formulate a model for a two-partner alliance in which one partner can sell 
an interline itinerary only after paying a posted transfer price to its partner for the relevant subiti-
nerary.  They derive the equilibrium decision rules for the static proration scheme prevalent in 
practice, as well as for several dynamic schemes based on suggestions from practitioners.  Their 
formulation assumes a game of complete information: within each time period, each airline knows 
its partner’s inventory level, and both have identical forecasts of future arrival probabilities and 
revenue distributions over the entire alliance network.  The authors leave open the research ques-
tion of how such policies could be managed when the partners are faced with incomplete informa-
tion at the time they make decisions.  We begin to address that problem here. 

For dynamic transfer price (proration) schemes to function, each partner must post a list of 
current transfer prices for each interline itinerary.  In this paper, we assume an extreme case: that 
these transfer prices are the only information that each airline has about the state of its partner’s 
network.  Specifically, its partner’s forecasts (revenue and arrival processes) and inventory levels 
are not shared.  Therefore, each partner’s decisions are based solely on the transfer prices, their 
own forecasts for their own networks, and their own inventory levels.    

Furthermore, we assume that the partners utilize the bid price scheme first suggested by Vi-
nod (2005) and later analyzed by Wright et al (2010).  This scheme is being considered by practi-
tioners because it utilizes bid prices, a component of many modern revenue management systems.  
However, it also provides structural advantages that we exploit in our method.   

We demonstrate that under this new game with incomplete information, the alliance can be 
decoupled into single airline problems connected by the exchanged bid prices.  We examine the 
decision rules and equilibrium policies under this game and compare the policies, as well as the 
overall performance of the alliance, to both the centralized control (first-best) alliance and an al-
liance that shares complete information.  We show that it can perform close to or even above the 
complete information bid price scheme.  Its performance does, however, suffer in those cases 
when the complete information bid price scheme has been shown to be weakest.  
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1. Introduction 

A passenger traveling from Rochester, NY in the United States to Sidney, Australia might be 

surprised to find that she can purchase the multi-leg international itinerary from a single airline.  

However, several airlines appear to offer exactly that.  For example, American Airlines offers the 

following itinerary: 

 

 

 

What appears to be a single-carrier itinerary is, in fact, operated by three different airlines.  

The first leg – from Rochester, NY to Chicago, IL – is operated by the regional carrier American 

Eagle.  The second leg – from Chicago, IL to Los Angeles, CA – is operated by American Air-

lines, itself.  The final leg – from Los Angeles, CA to Sidney, Australia – is operated by another 

international carrier, Qantas. 

All three airlines are members of the oneworld alliance, a global alliance of airlines, but their 

relationships differ quite substantially.  The relationship between American Eagle and American 

Airlines, both wholly-owned subsidiaries of AMR Corporation, is relatively simple and not the 

focus of this paper.  However, since both American and Qantas are large international carriers, 

their relationship is significantly more complex. 

In Wright et al (2010), the authors lay out a framework for the latter type of relationship, 

providing a Markov game model, analyzing several revenue management schemes and pointing 

out some important considerations in scheme design.  An assumption of their work is that air-

lines have complete information about their partners’ networks, including structure, inventory 

levels and forecasts.   

While alliances seek to coordinate the partners’ actions, the partners may be unwilling or un-

able to share complete information about their operations because of competitive, technical and 

legal barriers.  For example, they may not provide complete information about demand forecasts 
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to each other because this would require sharing information on all flights and itineraries that 

they operate, including those itineraries on which they compete. 

Even if the partners are willing and able to share this information, the computational load for 

such problems would be unmanageable.  It is generally accepted that the exact form of even a 

single airline’s problem is beyond the computational capabilities of available technology.  For 

example, the state space for a single airline with 10 flights, each with 100 seats, would have 

10110, or just over 1020, possible states in each period.  For more realistic airline sizes, the num-

ber of states can be substantially larger.  As such, much of the revenue management literature has 

focused on approximations for this problem.  Even a simple alliance between two airlines ex-

acerbates this problem.  Two airlines of the size above would face 1040 states, in addition to a 

greatly increased number of potential itineraries. 

These two factors bring to question how airlines within an alliance can still achieve a high 

level of revenue without complete information sharing.  In this paper, we provide a novel ap-

proach that can be utilized by airlines, which requires sharing limited information and allows 

them to reduce the computational load through the use of existing single-network approximation 

methods.  Our preliminary numerical studies suggest that the scheme could perform well, often 

on par with the complete information case, but also show that its performance closely follows 

that of the bid price scheme on which it is based, even when that scheme performs poorly. 

The remainder of the paper is organized as follow:  We begin with a brief summary of the re-

levant literature in §2.  In §3, we summarize the model described in Wright et al (2010), before 

describing the limited information version of the game and our heuristic solution in §4.  Then, 

we numerically simulate a selection of sample alliances, showing the potential of the scheme to 

work well and comparing the effects of utilizing some existing single-network approximation 

methods.  In §5, we briefly describe an extension to our basic method with both potential bene-

fits and drawbacks.  Finally, in §6, we provide conclusions and suggestions for future research. 

2. Literature Review  

From its earliest days, starting with the seminal work of Littlewood (1972), the basic revenue 

management problem for single airlines has received considerable attention in the literature. A 
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survey paper by McGill and van Ryzin (1999) and later a book by Talluri and van Ryzin (2004) 

describe the extensive body of work to date. 

However, while several researchers – examples include Wynn (1995), Boyd (1998a), Fer-

nandez de la Torre (1999), Netessine and Shumsky (2005), Vinod (2005), and Shumsky (2006) – 

have looked at the alliance revenue management problem, it was not until recently that a detailed 

model of the problem was provided and analyzed.  Wright et al (2010) provide the general model 

of a two-airline alliance, formulating the revenue management problem as a Markov game.  They 

present and analyze several dynamic sharing schemes and compare their performance to the stat-

ic scheme commonly found in practice.  They assume a game of complete information and leave 

open the research question of how such schemes may be managed under a game of incomplete 

information.  We begin to address that question in this paper. 

Game theory, in general, within the revenue management problem has been relatively li-

mited. Vulcano et al (2002)  examine a games between an airline and its customers in an auction 

setting.  Netessine and Shumsky (2005) and Raza and Akgunduz (2008) look at games between 

two competing airlines.  Boyd (1998b) describes conditions under which an alliance can be 

coordinated under a static linear program formulation, utilizing a softblocking scheme. 

Games of incomplete information (see Fudenberg and Tirole 1991 for a detailed explana-

tion), specifically, in revenue management have also been relatively rare.  Isler and Imhof (2008) 

look at the single airline revenue management and pricing decisions of competing airlines under 

incomplete information, while Song (2007) focuses on the hotel revenue problem. 

3. Summary of General Alliance Network Model 

Before introducing our limited-information game, we must briefly review the dynamic model 

of a two-partner alliance introduced in Wright et al (2010).  The alliance modeled consists of two 

partner airlines, loosely denoted c and -c.  While larger alliances consisting of more partners are 

certainly in wide-spread use, two airlines is sufficient to model most interline itineraries and we 

will show that the decomposition allows for unlimited extension.   

The alliance network is composed of m flights (origin, destination, and departure time) with 

the number of flights operated by airline c denoted cm .  The m-dimensional vector of remaining 

inventory for the alliance, { }mmm
xxxxx ……

� 11 11 ,,, +≡ , can be segregated into individual airline 
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inventories, 
cx
�

 and cx−

�
.  Along with the current period, k, which decreases over the booking ho-

rizon from K to 0, x
�

 constitutes the current state of the system. 

The alliance offers n itineraries, set N, operated either entirely by one partner – “intraline” 

itineraries forming sets Nc and N-c – or by both partners – “interline” itineraries forming set NS. 

For notational convenience, it is assumed that intraline itineraries are only sold by the airline that 

operates the flights, while interline itineraries may be sold by either airline.   

The matrix A is composed of column vectors, jA , which specify the number of seats re-

quired from each flight of the alliance network to satisfy each itinerary j.  I.e., the element 
ij

a  

equals the number of seats required on flight i for itinerary j.  Wright et al (2010) show that A 

can be partitioned as follows, 

 

Additionally, for the method presented here, it will be necessary to separate the inventory by air-

line, so we define the following single airline inventory usage matrix:  

 

In each period, a request for itinerary j arrives to airline c with probability 0≥cj

k
q . Each pe-

riod is assumed short enough that the probability that the alliance receives more than one itine-

rary request in a given period is negligible. Associated with and conditional upon a request is a 

corresponding revenue, cj

k
R , which is a nonnegative random variable with known cumulative 

distribution function (CDF), ( )cj

k
F r , and finite support. This arrival process is assumed to be in-

dependent of the realized revenue and decisions in preceding periods.   

A1 AS1 A
c
 = 

Nc NS 
1       …       nc  nc+1 …  nc+ nS 

   1 
 

   �  
 

   mc 

A1 

0 

0 AS1 

AS2 

A = 

N1 N2 NS 
1       …       n1  n1+1 …  n1+ n2  n1+ n2 +1  …   n   

   1 
 

   �  
 

   m1 

 m1+1 
   

   �  
  

   m   
A2 
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( )xJ c

k

�
 denotes the total (current and future) expected value for airline c given inventory x

�
 

with k remaining periods. As such, airline c’s opportunity cost of the inventory used by an itine-

rary is, 

( ) ( ) ( )jc

k

c

k

cj

k AxJxJxJ −−≡∆
���

, 

We define ( ) −∞=xJ c

k

�
 whenever a component of x

�
 is negative and, thus, the opportunity cost 

when x
�

 is not sufficient to sell an itinerary is ( ) ∞=∆ xJ
cj

k

�
. 

In order for its partner, airline –c, to sell an interline itinerary, it must pay airline c the current 

posted transfer price, ( )xp
cj

k

�
. Let ( )xp

c

k

��
 be the n-vector of all transfer prices in period k. 

Finally, in each period, airline c determines a set of acceptance rules, ( );c

k
u x

�
i , such that 

( ); 1cj

k
u r x =

�
 indicates that airline c is willing to accept a request for itinerary j with associated 

net revenue r – i.e., less any applicable transfer price paid to a partner – in period k with remain-

ing inventory x
�

.  

Thus, the general form of the Bellman equations can be written as,  

 

( )( )

( ) ( )( )

( )( ) ( )( )

( )( )( )
( ) ( )( )
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(3)

 

with a corresponding set of equations for airline –c.  Since the choice of c is arbitrary, we will 

focus only on airline c’s equations. 

The first summation in (3) corresponds to airline c’s intraline itinerary requests, the second 

and third summations correspond to airline c’s and airline -c’s interline itinerary requests, respec-

tively, and the final summation corresponds to airline -c’s intraline requests. The final term cor-
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responds to the “no arrival” case.  In each case, one airline – the marketing airline – receives a 

request and decides to accept or not based on the corresponding revenue and, for interline itinera-

ries, the transfer price that it has to pay to its partner – the operating airline – for the required 

legs on its network. 

4. A Bid Price Only Game 

In this section, we describe an extreme form of the game of incomplete information between 

the alliance partners, in which information shared is limited to the current posted transfer-prices.  

We, then, consider a specific form of transfer-pricing scheme, which has structural advantages 

for solving this problem.  

4.1. Basic Game 

In order for dynamic transfer price (proration) schemes to function, each partner must post a 

list of current transfer prices for each interline itinerary.  In this paper, we assume an extreme 

case: that these transfer prices are the only information that each airline has about the state of its 

partner’s network.  Specifically, its partner’s forecasts (revenue and arrival processes) and inven-

tory levels are not shared.  Therefore, each partner’s decisions are based solely on the posted 

transfer prices, its own forecasts for its own network, and its own inventory level. 

Furthermore, we will assume a specific class of transfer-pricing schemes: those that require 

posting the current bid prices.  In particular, we focus on one particular scheme, bid price.  We 

summarize this scheme below, but direct the reader to Wright et al (2010) for a complete discus-

sion.  

4.2. Bid Price Scheme 

Under the bid price scheme, each airline posts its true opportunity cost (the bid price) for 

each interline itinerary in the alliance.  That is, 

( ) ( )xJxp
cj

k

cj

k

��
1−∆=  
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In theory, the operating airline is therefore indifferent about whether its partner sells an interline 

itinerary, because it is exactly compensated for the inventory used. 

In Wright et al (2010), the authors showed that such a scheme is centrally optimal for inter-

line itineraries, meaning that the optimal acceptance decision is exactly that of a centralized con-

troller making all acceptance decisions for the alliance.  However, since no transfer payment is 

made for intraline itineraries, airlines do not take into account the effect that selling an intraline 

itinerary has on its partner.  As such, those decisions are not centrally optimal and over the hori-

zon, the alliance may not achieve first-best (those achieved by the centralized controller)  reve-

nue levels. Additionally, because the operating airline receives no share of the surplus revenue – 

those revenues exceeding the combined opportunity costs of the airlines – the bid price scheme 

fails to pass information about future, high-value requests and may perform poorly when there is 

a large discrepancy between the revenues and/or arrival probabilities of each partner for certain 

interline itineraries. 

The choice of this scheme here, however, was dependent on two critical factors: (1) practi-

tioners are actually considering this scheme because it utilizes an element of their existing reve-

nue management systems, bid prices, and has a logical appeal; and (2) because of the aforemen-

tioned indifference, airlines can ignore interline arrivals to their partners, as the value of either 

decision – accept or deny – is the same. 

4.3. Constant Bid Price (CBP) Heuristic 

For this new game with incomplete information, the Bid-Price Only game, we generate a 

heuristic, taking advantage of the aforementioned structure, as well as a critical result from the 

literature, that can be utilized by airlines to manage revenues effectively despite the minimal lev-

el of information sharing.  Under this new heuristic, we are able to modify the Bellman equations 

from the full information case in such a way that the problem is decoupled with the exception of 

the current posted bid prices.  With this minimal connection, airlines can solve the alliance prob-

lem without depending on information about their partners’ networks.  We examine the airlines’ 

equilibrium policies and compare the overall performance of the alliance, to both the centralized 

control (first-best) alliance and an alliance that shares complete information. 
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4.3.1. Decoupling the Alliance Under CBP 

We begin by demonstrating the sequence of steps that are used to decouple the original prob-

lem of complete information into a set of individual problems with minimal information sharing.  

As mentioned in §4.2, the advantage of the bid price scheme is that airlines can ignore arrivals of 

interline itinerary request to their partners, because they are indifferent with respect to their part-

ners’ acceptance decisions in such cases.  Formally, the third term of the Bellman equations 

shown in (3) can be replaced by the value going forward with no change in inventory, ( )xJ
c

k

�
1− .  

The corresponding arrival probability can, therefore, be simply added to the final “no arrival” 

term, resulting in the following modified Bellman equations, 
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∈
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− − − −
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 + − +
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 − + +   
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∑

∑

∑

�

� � �
� �

� � �

�
( )1

,

cj N

x
−∈

 
 
 
 
 
 
 
 
 
  
 
∑

�

 (4) 

Under the assumption of the bid price only game, partners do not have specific information 

about each other’s inventory levels or forecasts.  As such, we decompose the inventory vector x
�

 

into those legs operated by airline c, cx
�

, and those operated by its partner, cx−

�
.  Since airline c 

only knows its own inventory level, any decision made by its partner for intraline requests will 

have no effect on the known state of the system for airline c.  These decisions will, however, 

have an indirect effect by changing the posted bid prices. 

Using Ĵ  to indicate that this value function is found under limited information, the Bellman 

equations are modified as such, 
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Finally, the equations in (5) are linked by a series of dependent bid prices passed between the 

partner over the remainder of the horizon.  Without knowledge of the current inventory or any 

forecast of future arrivals, the values of the bid prices from its partner are no longer perfectly de-

terminable by airline c.  For all t < k, the value function must be estimated using the expected 

value of the bid prices given the information set available at time k, 

( )
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 (6) 

How can these bid prices be estimated given the limited information set?   While several 

possible methods could be used, we turn to the literature for our solution.  In Akan and Ata 

(2009), the authors demonstrate that for a variant of the single network problem, the (adapted) 

bid prices form martingales.  Intuitively, this means that airlines manage sales such that the de-

crease in value due to the passage of time is balanced with the increase in value due to sales.  

Logically, one would expect that were bid price anticipated to rise or fall, then that information 

would already be incorporated in the current value. 

Given the decoupling of the problem, one would expect that an airlines bid prices adapted to 

it partner’s as they update would then (at least approximately) form a martingale as well.  Ac-

cepting that airlines cannot easily estimate the effect of changes in their own bid prices on their 

partners’, we take this assumption one step further by assuming that the expected value of any 

future bid price, conditional on the current posted values, will in fact be those current values.  

I.e., 

1 ,cj cj cj

t k kE p p p t k
− − −  = ≤ ≤   (7) 
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for all sample paths.  Learning, therefore, is limited to the adjustments that their partners make as 

time passes, inventory changes and their own bid prices change.   

With this assumption, the net revenue in any future period follows the same distribution as 

the gross revenue from a request with the mean shifted by the current posted bid price for that 

itinerary.  For convenience, we introduce a net revenue variable for each remaining period in the 

horizon conditional on the current posted bid prices, ( )c

k

cj

t pR
−� , such that, 
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

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Substituting these adjusted revenues into (6) leaves us will a final and familiar form of the 

Bellman equations for each airline, 
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   where

,
,ˆ

,
Eˆˆ

 (9) 

which is solved from t = 1 back to k to generate the current bid prices. 

Equation (9) matches the value function for a single airline network (see for example, Talluri 

and van Ryzin 1998) with revenues equal to the net revenues and the “no arrival” probability 

equal to 0c

tq , the probability that there is not an arrival to airline c in period t.. 

In our game, at the start of each period, the partners’ revenue management systems iteratively 

exchange bid prices, hopefully reaching an equilibrium.  Acceptance decisions are then made as 

usual, using the posted equilibrium bid prices. 

4.3.2. Additive Bid-Prices 

Before continuing with analysis of the method described above, we briefly show that a famil-

iar form of bid prices can be utilized in (9).  To this point, we have assumed the most general 

form of bid price control: a resource or set of resources is assigned a value, usually its opportuni-

ty cost, and an itinerary is excepted if and only if the revenue exceeds the total assigned value of 
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the resources required.  Formulated as such, the inventory for even a multi-leg itinerary can be 

assigned a bid price.   

The most common form of bid-price controls, however, assigns a value to each resource in-

dividually and the opportunity cost of an itinerary is approximated by the sum of the bid prices 

for the individual legs of which it is composed  (see Talluri and van Ryzin 1998 for a detailed 

explanation.)  Formally, 

( ) ( ) ( ),∑
∈

≈∆=
jAi

ci

kij

cj

k

cj

k xAxJxp
���

λ  (10) 

where ( )x
ci

k

�
λ  is airline c’s the bid price for leg i in period k.  The expression in (9) remains un-

changed with the exception that the acceptance rule for itinerary j takes on a new form, 

( )
{ }

( )

{ } { }

0,1

; arg max

where : 1

cj

cj ci

t ij k
u i A

cj

c ij

u r x r a x u

i A i M a

λ
∈ ∈

   
= −  

   

∈ ≡ ∈ ≥

∑
�

 

Airline c, therefore, needs only track one bid price for each leg on its own network and does 

not need to know which interline itinerary is being sold, only its required subitinerary.  As such, 

several itineraries may have the same bid price, a potential source of inefficiency in this design.  

If the partner, -c, utilizes a similar method of bid-price control, then the price paid for its sub-

itinerary will also be a sum of individual bid prices.  In such cases, the airlines might choose to 

simply exchange leg bid prices, summing them up when request a multi-leg subitinerary. 

Logically, one might expect that the current opportunity cost of leg i, 

( ) ( ) ( )i

c

k

c

k

ci

k exJxJx −−≡
���

λ . 

would lead to a good approximation of the itinerary’s true opportunity cost.  However, as the 

Talluri and van Ryzin (1998) show, these prices are not universally optimal.  In fact, one can eas-

ily show that they can be very poor estimates of the opportunity cost of inventory, especially at 

the boundaries of the problem, where opportunity costs can change rapidly with changes in state 

(inventory and time.)   
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For example, consider a case where there is one seat left on each of A and B, and a guaran-

teed arrival in period 1 for itinerary AB at $1000.  Since selling either leg before period 1 would 

preclude the sale of the AB request, he opportunity costs of each leg for decisions made in period 

2 should be $1000.  As such, under the additive bid-price mechanism, a request in period 2 for 

AB would only be sold if its revenue exceeds the sum of these two bid prices, $2000.  Clearly, 

though, the opportunity cost of the inventory used is only $1000. 

Despite these limitations, because of the practical convenience and the diminishing effects of 

these boundary cases on the overall performance as the problem size increases, much of the lite-

rature and many systems in use are based upon this assumption. 

4.4. Equilibrium Results  

Here, we analyze the potential existence and uniqueness of equilibrium posted bid prices in 

each state of the system.  With the assumption that ( )cj

k
F r  is continuous in r, we get the follow-

ing result: 

THEOREM 4.1.  For the general alliance, in each period, k, and for each inventory level, x
�

,  

there exists at least one equilibrium set of posted prices. 

Proof:  See Appendix 1. 

Uniqueness of the equilibrium bid prices, however, cannot be guaranteed for the general al-

liance as demonstrated by the counterexample in the following section.  

4.4.1. Counterexample to Uniqueness  

Consider the alliance shown in Figure 1, in which airline 1 operates flights A and B, while 

Airline 2 operates flights C and D.  Both airlines offer itineraries ABC, BCD, CDA and DAB (all 

interline itineraries).   
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In each period, demand is as follows: 

 Airline 1 Airline 2 

Itinerary Prob[Arrival] Payout Prob[Arrival] Payout 

ABC 0.01 100 0.24 100 

BCD 0.24 100 0.01 100 

CDA 0.24 100 0.01 100 

DAB 0.01 100 0.24 100 

For k = 3 with { }1,1,1,1≡x
�

, there are two equilibria: 

( ) { } ( ) { }59.2$,59.2$,59.2$,59.2$,94.55$,94.55$,59.110$,59.110$ 21 ≡≡ xpxp kk

����
 

and 

( ) { } ( ) { }59.110$,59.110$,94.55$,94.55$,59.2$,59.2$,59.2$,59.2$ 21 ≡≡ xpxp kk

����
 

Likewise, in k = 12 with { }3,3,3,3≡x
�

, there are also two equilibria: 

( ) { } ( ) { }0621.0$,0621.0$,0621.0$,0621.0$,57.59$,57.59$,83.117$,83.117$ 21 ≡≡ xpxp kk

����
 

and 

( ) { } ( ) { }83.117$,83.117$,57.59$,57.59$,0621.0$,0621.0$,0621.0$,0621.0$ 21 ≡≡ xpxp kk

����
 

In this case, there exist two distinct (opposite) asymmetric equilibria, one high-low and one 

low-high, in which one partner sells its itineraries with high probability because of the low prices 

of the other, leading it to have such a high opportunity cost that its partner is unlikely to sell any 

itinerary, leading to its low prices.  However, with only slight changes to the problem parame-

Airline 1                         Airline 2 

Figure 1 – Sample alliance for uniqueness counterexample 

Flight A 

Flight B 

Flight D 

Flight C 
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ters, the problem returns to a case with a unique equilibrium, suggesting that this may problem 

may be limited to unusual and/or boundary cases.   

Additionally, a keen reader may have noticed that because the graph of the network is cyclic-

al the counter-example presented above requires time travel in order to accommodate the pro-

vided itineraries.  While we were unable to establish a proof of uniqueness for a network with an 

acyclical graph, we were not able to find a counterexample, either. 

Note: in the above counterexample, we have used discrete revenue distributions for conveni-

ence, but similar results hold for some continuous distributions with sufficiently small standard 

deviations.   

4.4.2. Uniqueness in a Special Case  

In the previous section, we showed by counter example than uniqueness of the equilibrium 

cannot be established for the general network.  However, we can however establish uniqueness 

for at least one type of alliances: 

THEOREM 4.2.  For an alliance network consisting single leg operated by each carrier with 

corresponding intraline itinerary and a single interline itinerary combining 

the two legs, in each period, k, and for each inventory level, x
�

,  there exists a 

unique equilibrium set of posted prices.  

Proof:  See Appendix 1. 

Additionally, uniqueness has been demonstrated numerically for several other alliances, an 

example of which can be seen in the numerical results found in §4.6. 

4.5. Benefits and Drawbacks of CBP  

Because of its design and the resulting decoupled problem, CBP has several strengths that 

would make its use advantageous to airlines.  It does, however, also have some inherent draw-

backs that must be considered when using this scheme. 

A primary advantage of the system is one common to all bid-price based schemes: it relies on 

values, bid prices, that are already a component of many modern revenue management systems.  
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Even with booking limit control schemes, the acceptance policies often imply a vector of bid 

prices for the resources.  This commonality makes its implementation easier to manage, as the 

reservation system simply passes along the values that it has already determined.   

Likewise, incorporating the partner's posted bid prices should be relatively simple for exist-

ing systems to handle.  For airlines already utilizing bid prices control systems, in fact, the addi-

tion would be trivial.  Future revenues used when determining its own bid prices would be ad-

justed by its partners current bid prices and instead of accepting a request if the revenue exceeds 

the bid prices for its own required legs, the system would accept only if it exceeds the bid prices 

for its all required legs.  While less straightforward, for booking limit systems, the adjustment 

might best be handled by an adjustment to the revenue directly. 

Perhaps the greatest advantage of CBP, however, is its reduced computational load verses the 

original complete information game.  It is well accepted that even the single-airline network rev-

enue management problem is computationally prohibitive in its exact form.  Without an approx-

imation scheme such as CBP, practitioner would be hopeless to implement any alliance revenue 

sharing scheme that requires exact value calculations.  The savings particular to CBP come in 

three forms. 

First, when determining current bid prices, each airline considers only its own network's re-

sources.  The schemes suggested under complete information by Wright et al (2010), theoretical-

ly, require the partners to each evaluate its partner's value function for each state of the alliance 

problem.  The inventory portion of the state space for the exact problem is then the product of 

the capacities for every flight.  By contrast, under CBP, the inventory portion of the state space 

for each airline is only equal to the product of the capacities on its own legs.  Thus, for airlines 

with networks of similar size, the inventory state space – the product of the capacities for every 

flight – considered by each airline is reduced to roughly the square root of the problem analyzed 

in the game of complete information.  

Second, because additional partners only increase the number of itineraries and revenue ad-

justments, the inventory state space does not change with the number of partners in the alliances.  

As daunting as the calculations for a two-airline alliance would be, generally alliances consist of 

multiple partners, each adding (in product) to the size of the inventory state space.   Under CBP, 

it actually remains a constant size: the product of the capacities for only those flights within an 
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airline’s own network.  There would, of course, be some additional load for managing more iti-

neraries and adjustments, but the size of the state space would not grow. 

Third, because the resulting decoupled problem exactly matches the single network problem, 

existing approximation methods can be utilized in calculating these bid prices to further reduce 

the load.  As noted, even the single-airline network revenue management problem is intractable 

in its exact form.  However, a substantial portion of the existing literature is dedicated to estimat-

ing the bid prices for a single airline.  Such methods include, but are not limited to, the determi-

nistic linear programming (DLP) model, the randomized DLP (RDLP) model, Displacement Ad-

justed Virtual Nesting, Expected Marginal Seat Revenue (see Talluri and van Ryzin 2004 for 

more information on those four techniques), dynamic bid price control (Adelman 2007) and La-

grangian decomposition (see Topaloglu 2009, as well as Kunnumkal and Topaloglu 2010).  

Combining these advantages certainly increases the likelihood of airlines successfully im-

plementing such a system.  However, a few concerns remain that practitioners will need to con-

sider when implementing CBP.  As with the strengths, these drawbacks include those inherent to 

bid-price schemes in general and those specific to CBP.      

Perhaps the biggest of these concerns is the “trust” issue.  Discussions with practitioners re-

vealed that this concern has been a barrier to implementing any bid-price based system and it 

will need to be addressed by researchers and practitioners.  These schemes are, however, being 

tested within the largest alliances.  The size of both the partners and the alliance itself may make 

compliance easier to ensure, as the potential loss from having a partner accused of "cheating" the 

system would be substantial. 

  As one would expect, CBP seems to follow the performance of the full-information bid 

price scheme with some loss due to the reduced information sharing.  In §4.6, we show a situa-

tion in which the bid price scheme performs well and CBP performs similarly well.  Our experi-

ments also show that in cases when bid price performs poorly – as in the case illustrated in Fig-

ure 4 where bid price does not share information about future interline requests – CBP performs 

even worse.  However, the cases when bid price performs well seem more common than when it 

does not. 

Two additional weaknesses are specific to CBP.  First, CBP does not directly consider stock-

outs of a partner’s inventory, as it is assumed that inventory will be available at the current trans-
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fer price for any future sales.  Indirectly, though, as inventory decreases, we would expect the 

transfer prices to rise, so partners will count on selling less.   

Second, while the size of the problem solved has been greatly reduced, it is important to re-

member that it must be solved iteratively in each period.  Of course, one would expect that for 

larger state spaces (inventory levels and time period remaining), the bid prices would not change 

substantially, allowing few iteration for convergence.  Also, we show an example in §4.6 where 

bid prices converge very quickly and this rapidness has been observed across numerous example 

problems. 

4.6. Numerical Experiments  

In this section, we use small sample alliances to demonstrate the performance of the CBP 

heuristics.  These samples are not sufficiently large to draw major conclusions, but serve to illu-

strate the potential value of this scheme under various circumstances. 

We begin by comparing two small networks similar to those examined with the complete in-

formation dynamic schemes analyzed in Wright et al (2010): bid price, as described above, uses 

the current bid prices as the transfer price; bid-price proration prorates the revenue by the rela-

tive size of the partners’ bid prices – i.e., airline c’s share is its bid prices divide by the sum of 

the two airlines’ bid prices; and partner price allows both partners to choose any transfer prices 

they want.   We provide the results of those three schemes as a baseline against which we com-

pare the performance of CBP. 

In both networks, each carrier operates one flight – A for airline 1 and B for airline 2 – and a 

single interline itinerary, AB, is offered in addition to the two intraline itineraries.  The first net-

work is symmetric in that both airlines see the same demand for their intraline flights as their 

partners do for their own, and the interline demand is split evenly, with the same distribution of 

arriving revenue to each.  The second network is asymmetric in that only one airline has intraline 

demand for its leg and the interline demand is not (necessarily) split evenly. 

We begin with the symmetric network.  Each intraline has a starting mean revenue, condi-

tional on a request, of $200, with a standard deviation of $20.  The interline itinerary has a start-

ing mean revenue of $500 and a standard deviation of $40.  Each of the means grow by 20% 

over the 30 period horizon and each flight begins with 10 seats.  Results are generated for differ-
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ent prevalence of intraline versus interline request, ranging from 100% interline to 100% intra-

line (split evenly between A and B in all cases.) 

Figure 2 – CBP vs. Complete-Information (CI) Schemes for Symmetric Alliance 

 

Figure 2 shows, on the right, that when the proportion of intraline requests is high relative to 

that of intraline itineraries, CBP performs very well relative to the full information case.  While it 

does outperform the complete information schemes in this example, we caution that small 

changes in the system parameters can shift the ordering.  However, for number of such cases, the 

performances remained similar to the complete information versions.  This effect is not entirely 

surprising, as the amount of information that is not shared, which is already covered in part by 

indirect effects through the partner’s bid prices, is relatively small in these cases. 

On the left, when interline requests dominate the alliance, the effects of not sharing complete 

information, including not knowing when the partner will stock out or how the bid prices will 

actually deviate on individual sample paths, drive the performance of CBP down.   Below ap-

proximately 25%, the difference in performance between CBP and the complete information 

schemes becomes significant.   
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Data from the U.S. Department of Transportation (BTS, 2006) shows that, while growing, 

that the fraction of interline itineraries within the U.S. was at just 20% in 2004.  This number 

suggest that for many cases alliance are likely to the right of this cutoff. 

 We continue with the asymmetric network.  Here, just one intraline itinerary, A, has de-

mand.  It has a starting mean revenue of $200, with a standard deviation of $20.  The interline 

itinerary has a starting mean revenue of $400 and a standard deviation of $40.  Again, each of the 

means grow by 20% over the 30 period horizon and each flight begins with 10 seats.  The proba-

bility of a request for A and for AB is 50% in each period.  Results are generated for different 

distributions of the interline requests to the two partners, with the percent going to airline 1 rang-

ing from 0% to 100%. 

Figure 3 – CBP vs. Complete-Information (CI) Schemes for Asymmetric Alliance 

 

Figure 3 shows, again, that CBP maps closely with the complete information bid-price 

scheme.  However, in this case, that property is “for better or worse.”  The left side, where the 

intraline and interline itineraries are sold by different airlines, airline 2 must provide incentive 

for airline 1 to hold its A inventory for more valuable AB requests.  Wright et al (2010) show 

that in such cases, schemes that share surplus revenue can provide such incentive.  Partner price, 

or in essence cheating under bid price, actually provides the largest share of the interline revenue 
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to the operating airline, airline 1, so it performs best in this case.  Bid-price proration shares a 

small amount of the surplus revenue with the operating airline, so its performance is poorer.  Bid 

price and, by extension, CBP share (approximately) none of the surplus revenue and, as such, 

perform the worst.  The relative performance of bid-price proration to bid price in this case is 

part of the impetus for looking at the Prorated CBP scheme described in §5.  

Lastly, consider the alliance shown in Figure 4, in which airline 1 operates flights A, B, and 

C, while Airline 2 operates flights D, E, F.  Each airline sells its own one and two-leg local itine-

raries, and both airlines offer interline itineraries, AD, EB, EC, FB and FC.  While still small, 

this represents a larger network and we will use to examine some of the effects of increasing the 

problem size on the performance of CBP. 

 

In each period, a request for each one-leg itinerary arrives with probability 0.04 and for each 

two-leg itinerary (local and interline) with probability 0.07.  Interline requests are split 50/50 be-

tween carriers.  In the base model, there are seven periods and each flight has one available seat.  

The scale factor multiplies each of these values.  For example, at scale factor 6, the problem con-

sists of 42 periods and each leg has 6 seats. 

 

Airline 1                         Airline 2 

Figure 4 – Sample alliance for CBP 

Flight B 

Flight C 

Flight E 

Flight F 

Flight A Flight D 
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Figure 5 – Performance of CBP vs. Full-Information for Increasing Problem Size (Scale Factor) 

 

Figure 5 compares the performance of the CBP heuristic to the complete information bid 

price scheme, each as a percent of the first- best revenues, as the problem size is increased.  Size 

is adjusted via a scale factor one to seven.  As expected, the complete information bid price 

scheme performs well, remaining just above 99% despites dropping from an initial value of 

99.8%.  CBP performs only slightly worse, dipping to a minimum of 97.6% before rising to ap-

proximately 1% below the complete information case. 

While 1% of potential revenues can represent a substantial value, given the greatly reduced 

information shared in CBP, its performance level is still surprising.  This achievement, as well as 

that seen in the first two examples, can be attributed to the power of the bid price.  An airline’s 

partner uses all of the information not shared under CBP in determining its own bid prices.  As 

such, much of the additional information shared in the full information case is, to a large degree, 

redundant. 
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Figure 6 – Example of Rapid Bid-Price Convergence and Probable Uniqueness under CBP 
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In figure 6, we look at an example of the convergence of bid prices during the iterative 

process done at the beginning of each period.  Using two extremely different seeds (starting val-

ues) – (1) the corresponding full information bid prices, and (2) a zero vector – the bid prices 

converge to the same values, and they do so in very few iterations.  This apparent uniqueness and 

rapid convergence was seen in many sample alliances that we examined. 

5. Prorated CBP (PCPB) Method 

In this section, we briefly outline an interesting extension to the CBP model.  The Prorated 

CBP (PCBP) algorithm is to the CBP algorithm what the bid-price proration scheme is to the bid 

price scheme in the complete information game.  It does have some potential benefits, but also 

some additional requirements and challenges. 

5.1. Overview of PCBP Method  

As with the basic CBP algorithm described above, the key assumption to decoupling the al-

liance under PCBP is that an airline's partners' bid prices will remain constant over the remainder 

of the horizon.  This assumption, again, precludes the airline from calculating or forecasting its 

partner's bid prices, which would be computationally prohibitive. 
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What differentiates PCBP from CBP is the use of bid-price proration as the agreed upon rev-

enue sharing scheme for the alliance.  Unlike the complete information game, here the future 

share proportions are not calculated directly.  Instead, when estimating the revenue shares, the 

constant bid price assumption provides the airline with a simpler method for estimating the pro-

portions.  In period k, we estimate airline c's share proportion for itinerary j with inventory cx
�

 in 

period t < k, given the current posted bid prices for its partners, c

kp
−� , as: 

( )
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where cj

tp is airline c's "exact" opportunity cost calculated in the single network problem under 

the PCBP assumption. The adjusted revenue used in airline c's period k single network problem 

for an itinerary j request in period t < k is: 
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The single network problem is then calculated as usual, either exactly or utilizing one of the ap-

proximation methods. 

Alternately, when using additive bid prices, in period k, we estimate airline c's share propor-

tion for itinerary j in period t < k as: 
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where ci

tp is airline c's "exact" opportunity cost for resource i in period t for the current inventory 

level and ci

kp−  is its partners current (in period k) posted bid price for resource i. 

  There is, however, an additional step that should be added.  Since the bid-price proration 

scheme is utilized, airline c does actually receive a portion of the surplus revenue from its part-

ner’s interline requests.  As such, it would be a far less justified approximation to drop that term 
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for the interline requests to airline c's partner as we did in reaching equation (4).  Instead, the best 

approach would be to forecast those requests in addition to their own.  The benefits and draw-

backs of this step are discussed in the next section.  

5.2. Advantages and Drawbacks of PCBP  

The primary benefit to the PCBP method is the fact that, as noted above, PCBP is based on 

the bid-price proration scheme, which means that some level of surplus sharing will go on.  As 

discussed by Wright et al (2010), sharing the surplus revenue for a request provides incentive for 

the partner to hold onto their resources when they may be used for alliance-beneficial (high rev-

enue) requests to the airline in a future period.  Whether done directly through actual sharing or 

indirectly through forecasting, this additional step can be seen as incorporating a higher level of 

information.  CBP does not share this benefit, so its performance suffers in such cases (see sec-

tion 4  for an example.) 

With this benefit comes a drawback: since each the airline receives a portion of the revenue 

from its partner’s interline requests, as noted, it needs to forecast its partner's interline requests.  

While this requires additional effort to track and estimate those arrival streams, especially since 

it would only receive the truncated sales information, the computational load of the single net-

work problem would not differ, since the same share proportions are used regardless of which 

airline serves as the marketing airline.  Instead, it would behave as additional demand for the 

same product. 

It should be noted that as unlike CBP, PCBP may generate negative bid prices in the single 

network problem for certain choices of splitting rules in the case where all bid prices are 0, lead-

ing to undefined 0/0 share proportions.  With the right choice – e.g., all revenue going to the 

marketing airline – this problem can be avoided.  

6. Summary and Further Research 

In this paper, we began exploring the effects of limiting the information shared between al-

liance partners.  Practical, legal, and competitive forces will limit the amount of information that 

partners are willing and able to share.  As such, it is necessary to develop techniques for handling 

revenue management for interline itineraries under such games of incomplete information. 
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We provide such a mechanism, utilizing the structure of the bid price sharing scheme and 

making a constant bid price assumption, a stronger form of the martingale result of Akon and 

Ata (2009).  Under these assumptions, the network is shown to decouple into single-airline net-

work problems, connected by a vector of posted bid prices from each partner.  This decoupling 

allows partners to utilize existing approximation methods for determining the bid prices in their 

own networks, while handling revenue sharing for interline itineraries. 

We discuss the advantages and disadvantages of such a system, and utilize sample networks 

to illustrate the effects.  In general, the scheme is shown to perform nearly as well as and some-

times better than the full-information scheme upon which it is based.  These results should be 

encouraging to practitioners just starting to test such systems. 

We finish the paper by describing an extension of our method based on the bid-price prora-

tion scheme rather than the bid price scheme.  As shown in Wright et al (2010), the bid-price 

proration scheme can benefit from surplus sharing that the bid price scheme does not.  As such, 

this new scheme has potential benefits in cases where one airline needs incentive to hold onto its 

inventory for more valuable interline request to its partner.  However, some additional complica-

tions arise from using this scheme that must be considered when implementing it. 

Future research in this area could focus on three particular areas.  First, we have considered 

an extreme level of information sharing, in which airlines know only their partners’ bid prices.  

However, in practice, airlines may actually have more information available to incorporated into 

their decision processes.  Examples include current inventory levels and forecasts of interline 

request.  If, how, and when incorporating this additional information would be beneficial remains 

an open question. 

Second, the CBP scheme decomposes the network into single-network problems.  There ex-

ists a plethora of mechanisms for determining bid prices for a single airline both in the literature 

and in use by airlines.  It is important to know how the choice of mechanism used by each indi-

vidual airline affects the performance of CBP or PCBP.   

Third, many airlines utilize booking limit (or protection level) inventory control schemes ra-

ther than bid price ones.  It is possible to create a set of booking limits from a set of bid prices, 

but it is not clear that the bid prices developed under CBP would be effective in such a control 

mechanism.  
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Appendix 1  Proof of Theorems 

THEOREM 4.1 (Existence under CBP): In order to demonstrate existence, we must demonstrate 

that the best response bid prices are continuous in the partner’s bid prices and are defined on a 

compact set.  With the assumption of finite upper bounds on the revenue distributions, the bid 

prices form a compact set, as each is bounded between zero and the maximum potential revenue 

that can be received for the inventory.  Continuity is demonstrated using a proof by induction. 

 

Base Case (t = 1): 

We know that for all 
c

x
�

 and m-c vectors, ( )0 0ˆ c

c
J x p =
� �

 and, therefore, by exten-

sion: ( ) ( ) ( )0 0 0 0ˆ ˆ ˆ , , ,cj c c cj

c c c c
J x p J x p J x A p x j p∆ = − − = ∀
� � � � � � � �

. 

( ) ( ) ( )( )

( )

( ) ( )( )

1 0 1 1 0

1 1

1 1 11

ˆ ˆ ˆ

cj
k

c c c cj cj cj cj cj

c k c c k k

j N

cj cj cj

k

j N

cj cj cj cj cj

k k

j N p

J x p J x q E R J x p p

q E R p

q rdF r F p p
−

+
− − −

∈

+
−

∈

∞
− −

∈

 
= + − ∆ −  

 = −
  

 
 = − −
 
 

∑

∑

∑ ∫

� � � �

 (10) 

By assumption, ( )rF cj

1  is continuous function in r, so ( )( ) cj

k

cj

k

cj
ppF

−−− 11  is the product of two 

continuous functions in c

kp
−�  and is, therefore, also continuous in c

kp
−� . 

For the first term, we turn to the following proposition that we will also use in the inductive 

step of the proof: 

PROPOSITION A1.1.  If ( )p
�

ρ  is a continuous nonnegative function in p
�

 and F(r) is a proper 

cumulative density function, then: 

( ) ( )
( )
∫
∞

=
p

rrdFpθ
�

�

ρ

  

is a continuous function in p
�

. 
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PROOF. 

Since ( )p
�

ρ  is continuous in p
�

, then for each ɛ, then exists a δ such that δ<− 21 pp
��

 

implies ( ) ( ) ερρ <− 21 pp
��

.  Arbitrarily, let ( ) ( )21 pp
��

ρρ ≥ , then because ( )p
�

ρ  is 

nonnegative, we know ( ) ερ <1p
�

.  Then, 
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�

���
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Since ( ) ( ) 012 ≥− pθpθ
��

, for each ɛ, there exists a δ such that δ<− 21 pp
��

 implies 

( ) ( ) εθθ <− 21 pp
��

.■ 

By proposition A1.1, ( )∫
∞

−cj
kp

cj
rrdF1  is continuous in c

kp
−�  and, therefore, each term in the sum-

mation in (10) is the difference of two continuous functions, so it is continuous.  Finally, the 

whole expression in (10) is the sum of these continuous functions and, thus, ( )1
ˆ c c

c k
J x p

−� �
 and 

( )1
ˆ cj c

c k
J x p

−∆
� �

 are continuous in c

kp
−�  as well. 

 

Inductive step (1< t ≤ k): 

Assume (for induction) that ( )1
ˆ c c

t c k
J x p

−

−

� �
 and ( )1

ˆ cj c

t c k
J x p

−

−∆
� �

 are continuous in c

k
p

−�  

0,
c s

x j N∀ ≥ ∈
��

.  We begin with the decomposition of ( )ˆ c c

t c k
J x p

−� �
: 
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( ) ( ) ( )( )

( )
( )
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( )( )( ) ( )( )
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( )1
ˆ c c

t c k
J x p

−

−

� �
 is continuous by the inductive assumption.  If ( )rF

cj

k  is continuous in r, then 

second term in the summation is also continuous in cj

kp
− .  ( )1

ˆ cj c cj

t c k k
J x p p

− −

−∆ +
� �

 is the sum of two 

continuous function and, thus, continuous as well.  By Proposition A1.1, the first term in the 

summation is also continuous and, by similar arguments as the base case, ( )ˆ c c

t c k
J x p

−� �
 and 

( )ˆ cj c

t c k
J x p

−∆
� �

 are continuous in c

kp
−�

.  Therefore, ( )1
ˆcj cj c

k k c k
p J x p

−

−= ∆
� �

 is continuous in c

kp
−�

. ■ 

THEOREM 4.2 (Uniqueness for special case of CBP): For convergence, we need to show that 

iterative applications of the transfer prices will converge, which can be shown by: 

( )( )( ) 0lim =−

→∞
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A sufficient condition for this and for uniqueness (contraction mapping) is: 
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where ρ is the spectral radius of the matrix.  We know that for any induced matrix norm: 

( )( )( ) ( )
( )

( )

( )
( )

( )

( ) ( )pDpqDp

pDpqDp

pDpqDpppDp

c

k

c

k

c

k

T

pp

c

k

c

k

T

pp

c

k

c

k

c

k

c
k

c
k

��

��

���

�

�

−

−

−−

⋅≤

⋅




≤









⋅





=

−

−
ρρ

 

 

Therefore, if we can find a norm for which we can prove ( ) 1<pDp c

k

�
, then noting that the 

choice of c, -c is arbitrary, we have proven convergence.  We prove this for a special case, using 

an inductive proof.  We begin with the base case for a general network, using the maximum ab-

solute row sum norm, then show the inductive step for the special case (note: the choice of row 

sum or column sum is arbitrary for the special case since there is only one element.) 

 

Base case (t = 1): 

We know that for all 
c

x
�

, ( )0 0ˆ c

c
J x =
�

 and, therefore, by extension: ( )0 0ˆ , ,cj
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J x x j∆ = ∀
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. 



 

 31 

( )1
ˆ

S

cj

cci
i N k

J x
p−

∈

∂
∆

∂
∑

�
 

( ) ( )( )1 1
ˆ ˆ

S

c c cj

c cci
i N k

J x J x A
p−

∈

∂
= − −

∂
∑

� �
 

( )
( )( ) ( )

( )( ) ( )

( )
( )( ) ( )

( )

1 1 0

0

1 1 0

1 1 0

0

1 1 0

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

c
c

c

c
c

s

cj c
c

c

c c c

c x A
Nc

c

c c c c

c k x A
N

ci
c c c cjk

c x A A
Nc cj

c

c c c cj

c k

q E R J x I

J x

q E R J x p I

p
q E R J x A I

J x A

q E R J x A p

ϕ

ϕ

ϕ

ϕ ϕ ϕ

ϕ

ϕ ϕ ϕ ϕ

ϕ

ϕ ϕ ϕ

ϕ

ϕ ϕ ϕ

+

≥
∈

+
−

≥
∈

− +

≥ +
∈

  − ∆   
 +
  + − ∆ −   ∂  

=
∂  − ∆ −  

− − −

+ − ∆ − −

∑

∑

∑

�

�

�

�

�

�

�

�

�( ) ( )

S

cj c
c

s

i N

c

x A A
N

I ϕ

ϕ

ϕ

∈

+
−

≥ +
∈

 
 
 
 
 
 
                

∑

∑ �

 

( ) ( ) ( )

( ) ( ) ( )

1 1 1 1

1 1 1 1

c c
c c

c s

S
cj c cj c

c c

c s

c c c c c

kx A x A
N N

ci
c c c c ci N k

kx A A x A A
N N

q E R I q E R p I

p
q E R I q E R p I

ϕ ϕ

ϕ ϕ

ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

+
−

≥ ≥
∈ ∈

− +
−∈

≥ + ≥ +
∈ ∈

    + −    ∂  =
 ∂   − − −     

∑ ∑
∑

∑ ∑

� �

� �

 

( ) ( ) ( ) ( ) ( )1 1 1 1c cj c c cj c
c c c c

S c s

c c c c c

kci x A x A A x A x A A
i N N Nk

q E R I I q E R p I I
p

ϕ ϕ ϕ ϕ

ϕ ϕ ϕ ϕ ϕ

ϕ ϕ

+
−

− ≥ ≥ + ≥ ≥ +
∈ ∈ ∈

 ∂   = + −     ∂  
∑ ∑ ∑� � � �

� �

 

Where ( ) ( )1
x X x X

I I
≥ ≥

= −� ��  for all non-negative 
c

m vectors X. 

( )( ) ( ) ( )1 11 c cj c
c c

S s

c c c

k i x A x A A
i N N

q F p I I Iϕ ϕ

ϕ ϕ ϕ
ϕ

ϕ

−
= ≥ ≥ +

∈ ∈

= − −∑ ∑ � �
�  

( )( ) ( ) ( )1 11
ci cj ci

c c

S

ci ci ci

k x A x A A
i N

q F p I I
−

≥ ≥ +
∈

= −∑ � �
�  

1

S

ci

i N

q
∈

≤ ∑  

1≤  

 
The final inequality holds with a positive probability of not having an interline arrival to air-

line c – this includes a positive probability of no arrival, a local arrival to airline c and/or any 

arrival to airline –c – as well as with many other conditions..  However, even in the case 

where equality holds (i.e., airline c is guaranteed to receive a request), the corresponding 
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norm for airline –c will be 0, because the sum of the probabilities must be 1.  So, the condi-

tion that the norm of the gradient of the composition of the partners’ responses must be less 

than 1 will be satisfied in period 1 for any game.  (Note: the worst case norm of the gradient 

of the composition of the partners responses is 1/4 (basically, it is ≤ p(1-p) for some p, which 

is largest when p = 1/2.) 

 
 

Inductive Step (1 < t < k – 1): 

Inductive assumption:  
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 does not hold.  That is, changing the other prices when there is not suffi-

cient inventory to sell an itinerary does not have an effect on its price. 
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Using the envelope theorem: 
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For convenience, we let 0c

k c
p N

ϕ ϕ− = ∀ ∈ , noting that such itineraries are not interline and, 

therefore, we do not need to include them in the norm.  We also define the following terms, 

so that we may express the norm in a more usable form.  
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jN



 is the set of itineraries for which the inventory required becomes less valuable after sell-

ing j.  We can think of these itineraries as having a complementary relationship. jN
�

 is the set 

for which the inventory required becomes more valuable, representing a substitute relation-

ship.  ( ),c cj

t c
G x Aϕ �  will take on the value of the second term in its maximization if and only 

if jNϕ ∈



 and 
c

x
�

 is sufficient to fulfill ϕ  plus  j.  ( ),c cj

t c
g x Aϕ �  will take on the opposite term. 

Resulting in a general expression: 
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The final term comes from noting the following relationship: 
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Using the triangle inequality of absolute values: 
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The weights of the three terms will sum to 1 and the first and last terms are <1 by the induc-

tive assumption.  Unfortunately, as demonstrated in §4.4.1, for the general case, the middle 

term cannot be shown to be <1.  We can, however, show this for the special case.  

In this special case, each airline operates one leg and sells two itineraries: one intraline and 

the interline itinerary combining the two legs.  Without loss of generality, let φ be the intra-

line itinerary for airline c and j be the interline itinerary.  Notice that in this case, the terms in 

(11) are for i = j only and the inductive assumption reduces to:   
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inventory, we know that not only is jNϕ ∈
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, but: 
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Therefore, the expression in (11) reduces to: 
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The final inequality holds because the weights sum to 1 and the absolute values in the first 

and third terms are < 1 due to the inductive assumption. ■ 
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