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Abstract. In the ever increasing competitive environmenttloé airline industry, efficient personnel’s
planning is among the most challenging tasks atelyscesponsible for the largest impact on an rzé'h

cost structure. The problem is theoretically appgabecause it is computationally difficult dueth@ huge
number of possibilities, and the amount of ruleat tHetermine crew planning. This work proposes a
methodology to determine the most efficient andtieastly way to serve the flights in an airlindhedule
during a weekly planning horizon considering laysvand deadheads. The strategy is composed of three
optimization models: a binary programming modeimadel based on the set partitioning problem, and a
third model based on the set covering problemjuelatter solved via column generation. Computatio
results for the three models are presented usstdntgtances built from a mid-sized Colombian a@li
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1. Introduction

Personnel planning and scheduling is one of thet elwalenging tasks faced by an airline. Its impoce
derives from the economical impact that an effitiplanning has on business profitability. On thbeot
hand, its difficulty arises from its combinatorigiructure, closely tied to the number of flights tive
schedule and the fleet size, among other factors.

The set of activities geared towards planning astteduling staff is known in the literature as thidine
Crew Scheduling ProblefACSP). ACSP is one of the practical combinatgpiablems that is well known

as a hard problem from a computational point ofw{&uo et al., 2006). The objective is to definever
tasks such that all flights from a flight schedale served in the most efficient way consideringsuhat
determine their feasibility (e.g., maximum flyingne) and crew preferences (e.g., maximum number of
consecutive work days). In the last years, the Ipmbhas become even more complex due to the rapid
airline industry growth, increase in passenger dem@specially business trips), and the ever irsinga
competition in the low-fare market. This has lede@chers and software companies to invest a great
amount of resources in developing highly techniteadision support tools based on optimization (Gual.e
2006).

Airline operation planning can be divided in fouedarchical phases, where the products of one phigse
input for the next (Barnhart, 2003). These phases a

Schedule PlanningBased on the passenger demand forecasts, thet aitthis phase is what is
known as thdlight scheduleThis flight offer is determined by the flightsrte, day, and frequency.

Fleet AssignmentThis phase matches the flights in the schedutd wispecific type of aircraft,
considering plane capacity and flight charactexssfi.e., domestic, international, overseas).



Aircraft Routing This phase deals with scheduling aircraft maiatee operations so that the fleet
meets the best working conditions and strict raguia and is timely available to meet flight
demand.

Crew SchedulingThe flight schedule and assignment are usedighpghase to determine which
tasks are allocated to each crew member such itHéghats are served meeting labor, operational,
and government regulations.

Within the crew scheduling phase two sequential iamerconnected subproblems are thigine Crew
Pairing Problem (ACPP) and theAirline Crew Rostering ProblenfACRP). The ACPP determines the
minimum number of (anonymous) crews required tosesall flights in a planning horizon, considering
labor, operational, and government regulations. faselts for the ACPP feed the ACRP, where specific
staff members are assigned to those anonymous ¢adivey into account additional information such as
seniority, vacation, staff abilities and preferesy@mong others. This work focuses on the ACPP.

After fuel, crews are the most significant cost for airline (Crawford et al., 2006). While fuel @
exogenous factor and leaves little or no room fic@rnal cost reductions, crews can be efficienthnaged
thus lowering costs (Pavlopoulou, 1996). Therefarg; crew savings will have a significant impacttie
airline’s finances. On the other hand, to competiaé low-cost airline market, airlines require Iltases and
a wide flight offer, posing difficulties to theimam planning operations.

Most large-scale worldwide airlines use specialigeftware for crew planning such Sabre® AirCentre
Crew from Sabre Airline Solutions, JeppeseilCarmen Crew Management Suit€oal Systems with
GoalPlan&®, and Navitaire with theiPlanning Optimization Suite efficiently manage their resources and
reduce costs. However, some of these optimizatised tools are cost prohibitive and often out-athefor

a number of small or even mid-sized airlines. Cqusaetly, there are many opportunities for reseascte
propose and develop in-house solutions to plamaidperations.

The development of mathematical models and optimizgechniques in the airline industry began ia th
1950s (Ahmed and Poojari, 2008; Yu and Yang, 1998} has continuously evolved with changes in
airlines’ complexity and dynamics (Sylla, 2000; Kjen, 2005). Nowadays, an airline can operate thoils

of flights per day facing last minute changes duéattors as diverse as weather, security, and amécl
failures.

Most of the models that have been proposed to shydCPP present mathematical formulations based o
the Set Partitioning Problen{SPP) or theset Covering ProbleniSCP). However, these formulations are
complex and difficult to solve (Barnhart, 2003).eThuge number of decision variables associated thwith
combinatorial structure of the problem, implies thee of large-scale optimization techniques such as
column generation. Under column generation theirmlgroblem is decomposed intereaster problenand

an auxiliary problem (subproblermh The latter is commonly formulated asRestricted Shortest Path
Problem(RSPP) where feasible pairings are generatedatad lsed to find a solution to the SPP or SCP
(master problem). However, the RSPP is also cortipotdly challenging, so it often requires optintipa
schemes such asranch-and-boundor dynamic programmingAn important body of research has been
dedicated to find computationally efficient solutsoto the RSPP (Pavlopoulou, 1996).

The subproblem is often solved by integer programgn(iP) using a network representation of the ACRP.
path in the network represents a feasible setenf tasks and the objective is to find the path whith most
negative reduced cost. The feasibility of a patbatermined by a set of (regulation and labor) tairgs
that define the network structure (AhmadBeygi, 20@me researchers have used the network structure
derive constrained shortest path algorithms basetyoamic programmingDP), where side constraints are
used to handle non-linear costs, path feasibiityd other constraints that depend on the spedifiblgm
(Anbil, 1998; Klabjan, 2005). Even though DP colld more efficient than IP, small variations to the



original problem (e.g., new regulations) are haddasier in IP than in DP. Consequently, both 1& BR
are frequently embedded into solution schemesh®ACPP.

Three of the most common methods to solve the A@RPOff-line column generatioffCG), dynamic
column generatiofDCG) andbranch-and-priceIn off-line CG, either the complete set of fesipairings

or a subset is explicitly enumerated and then BB 8r SCP is solved (Arabeyre et al., 1969). Howeve
because the solution space grows exponentially pitblem size, it is not unusual to find billion§ o
pairings in a 300-flight problem. Therefore, be@wxplicit enumeration can become prohibitive,sit i
mostly used for small-size problems. AlternativétyDCG, thelinear relaxation(LR) of the integer master
problem is solved generating one or more feasiblanons in each call to the subproblem using a mpgici
criterion (e.g., reduced cost). This way, the catgbet of pairings is partially described and attyactive
columns are generated to solve the master protiém.drawback in this case is that integer solutimms
not guaranteed at the end of the CG technique {£ad®88). To overcome this difficulty, a branctdan
price approach uses the same idea as DCG, butriperfdG at every node of the branch-and-bound tree.
Even though this approach can be computationajpgesive due to the huge number of nodes in thelsear
tree, integer solutions are guaranteed. To redeecomputational burden in large-scale problenss, (i.
thousands of flights), it is possible to use a tstiorversion oforanch-and-pricethat sacrifices optimality in
lieu of computationally efficiency. For example, née et al. (1997) present a detailed descriptiom of
branch-and-price heuristic approach, in which th€PR is modeled using two possible graphical
representations of the problem (i.eleg networkand aduty period network In each of these networks, a
RSPP is solved to determine feasible pairings. Mpdmal solutions are obtained for large-scal¢ainses
(e.g., nearly 2000 flights) using several stoppiniteria for the CG procedure at each node of tlandh-
and-bound tree (e.g., maximum number of calls ¢éostibproblem).

Besides column generation approaches for the AG®BRe researchers have proposed heuristics and
metaheuristics. Kornilakis and Stamatopoulos (19&bpose a two-phase procedure to solve the ACPP
using a combination of depth-first search and dgenalgorithms. In the first phase, legal pairinge a
generated from feasible duties, built from the cfefegs. In the second phase, the pairings are imsad
optimization procedure taking into account fixedwrcosts and deadheading costs. This methodoldgy sp
the problem into two smaller problems, thus redgitire number of feasible pairings obtained by sgjthe
problem directly, but sacrificing optimality. Theethod is tested in a 2100-leg instance from a Gaértike.

Levine (1996) formulates a SPP for the ACPP andesoilt with a genetic algorithm (GA) enhanced véth
local search heuristic. In this hybrid approach &% works directly on integer solutions, while tloeal
search adds the hill climbing ability to exploreg@ neighborhoods. This algorithm was tested ome40
world problems from a known test set and optimadlittuns were obtained for half of the instances and
solutions within 5% of optimality for other nine.

Ching Chang (2006) formulates a dynamic model lfier ACPP for cargo activities based on a SCP. The
dynamic component arises from deadheading, becaseavailability for pilots in one pairing detenmas

the cost and seat availability of a connecting ipgir The solution methodology was evaluated using
instances from a Taiwan international airline cdeging five objectives.

Hoffman and Padberg (1993) proposkranch-and-cutapproach in which the ACPP is modeled as a SPP
and solved to optimality. The key feature in thaver is that the SPP includes any number of base
constraints. These base constraints allow modeadattpin airline regulations such as not exceedimgy t
number of crews in a given personnel base. Thechrand-cut optimizer was tested on 68 large-sesé r
world crew scheduling problems. The optimizer sdlael45-leg problem in only 37 minutes.

Marsten and Shepardson (1981) present four suctesgplications in which scheduling problems in
airlines and public transportation are formulate&PP. The authors introduce the conceptsufived legs
which are a sequence of legs that must be servadiag, that is, crews cannot change planes. Téggrt



an application in a North American airline in whiphrtitioning constraints were relaxed using Lagian
relaxation and solved by the subgradient methoedyTiteport savings of USD $300.000 in one type of
aircraft.

For further information on the ACPP, SPP and SQimfitations, network representations, and solution
techniques the reader is referred to Barnhart (R0B8palakrishnan and Johnson (2005), and Ernat. et
(2004).

This work proposes a solution methodology for tleP® based on a set of interrelated optimizationatsod
It focuses on the real-world scenario of a mid@i@®lombian airline facing a rapid expansion prscéhe
decision support tools derived in this work are l@pple and extensible to similar mid-sized airine
operating in the low-fare market.

The rest of the document is organized as follovextiBn 2 defines basic ACPP terminology. Section 3
formally presents the ACPP, while Sections 4 thrprésent the proposed models. Section 7 reports the
computational experiments for the proposed modatet on real data from a mid-sized airline. Finaly
Section 8, we conclude and outline possible rebeaxtensions.

2. Terminology
This section provides a brief definition of the miomsportant terms in ACPP used throughout the dantm

Figure 1 illustrates an example of a flight scheddlr a three-day planning horizon made up of ifhts.
Each flight is represented by a gray rectangle tithletter F and an ID number (e.g., Fl)edis a flight

in the schedule that contains information on thgimrand destination cities, departure and arrivaés, and
day of the week. A group dégsallocated to a crew in a given day is known akity and it is shown in
Figure 1 with a blue dotted-line rectangle (e.d.,a@nd F2). A feasible duty requires the destinatity of
one leg to be the origin city of the connecting; ltfge duty connections should meet allowable time
windows; and the duty should meet a set of labperational, and government constraints, such as not
exceeding a maximum flying time. Similarly, a setlatiesis known as @airing and represents the tasks of
an anonymous crew during the planning horizon. &inmais feasible if its duties are connected, niegn
that the destination city of one duty is the origity of the connecting duty within an allowablené
window. A feasible pairing must also satisfy a getonstraints such as not exceeding a maximum eumb
of landings, among others.



1 1 |
1 1 |
1 1 |
_______ 1 e 1 e, |
1 1 1 [
Pairing 1 | 1(F1 ) (P2 ) | L 1(re ) (Fa0) | o 1(Fa) [(F1s] | :
[ ———— [ D [ . [
I | |
1 1 |
1 1 |
I —————————— 1 1 I —————————— |
pairing 2 |17 ) (Fa) (75 | | ' i(ms) (A7) () | |
I S A
o | o
1 1 |
1 1 |
el dntat Rl il | |
Pairing 3 I[FS][F7][F8]|:I[Fll][FlZ][FlS] ! !
N, T 3 \
1 1 |
1 1 |
Monday Tuesday Wednesday
(7] e
r__-; Duty

Figure 1. Example of aflight schedule

For a given pairing, itflying timeis the total time a crew serves in the air itecdted flights. Thériefing
timeis the time in advance a crew must show up aaitpert before the first flight of a given duty, arfeas
thedebriefing timds the time a crew stays in the airport afterlése flight of its duty. Similarly, thground
timeis the time a crew has to stay at the airport afty flight other than the las®ervice timas the time a
crew is doing work-related activities including dfihg and debriefing. Aest periodis the mandatory time
that a crew must rest between two consecutive slugimally, sit timeis the time that complements service
time, that is, total service time minus flying,dding, debriefing, ground, and rest times.

To illustrate these concepts, Figure 2 expandsnga® from Figure 1. Each flight contains origindan
destination cities (e.g., C1 and C2 for leg F6)wall as departure and arrival times in minuteg.(€00 and
400 minutes for leg F6). The beginning and endinte tfor Monday operations is 0 and 1440 minutes,
respectively. Thus, a departure time of 300 mehatd flight departs at 05:00 a.m. on Monday, while
flight leaving at the same time on Tuesday wouldeha departure time of 1740 minutes. Based on the
pairing in Figure 2, and assuming a 10-minute gdotime at the destination city of each leg, delmgef
times of 30 minutes, that all flights are domestid require briefing times of just 60 minutes, Hmat rest
time is at least 10 hours (i.e., 600 minutes); flgmg, service, and sit times are 360, 1740, as@,7
respectively.
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Pertaining crews, gersonnel basés a city where the airline has a significant @pien and where some
crew members reside. Additionally, aggregated basis used as reference to indicate the startingtfoin
crew tasks. Aayoveris when, in the last flight of a duty, a crew land a city different from its initial base.
In Figure 2, the crew has a layover on Monday gt €# because that day it departed from the aiipazity



C2. Finally, adeadheads when a crew travels in a plane as passengetsvgrking) in order to serve in a
connecting flight at the arrival city.

3. TheAirline Crew Pairing Problem

The objective of the ACPP is to find the minimurmmrher of crews required to cover all flights frorgieen
flight schedule. To define pairings, we must coesid set of labor, operational, and governmentsrule
related to the company and the country where tHmeaioperates. This work uses information from an
airline that operates under the following condisinft) a pairing must begin and end its tasks atstme
personnel base; 2) no pairing can exceed a maxiftying time, a maximum service time, a maximum
number of landings, and a maximum number of dut®sa feasible pairing must satisfy several rules
pertaining to a daily duty such as not exceedingiaximum flying time, a maximum service time, a
maximum number of landings per day, and a minimest time (between duties).

Additionally, the way this particular airline opeza makes it possible to separate and solve thH#gonoby
aircraft and crew type. Each crew member (pilofilod, and flight attendant) is trained exclusivédyfly
one type of plane. Therefore, the original problesn be solved for each of the three available tyges
aircrafts owned by the airline. On the other handkn though a crew is comprised of pilots, copilatw
flight attendants, it can be separated in two gsowockpit crew, which includes pilots and copilasd
cabin crew (flight attendants). This division isspible because a different set of rules applie=sath crew
type. Summarizing, the ACPP for the airline consgdein this study can be solved separately by afrand
crew type, thus allowing us to break the origirmallglem into smaller parts and reducing its compjexi

The next sections present optimization models basefdrmulations for the ACPP: a Binary Programming
model (ACPP/BP), a model based on the Set PaititidAroblem (ACPP/SP), and finally, a model based o
the Set Covering Problem (ACPP/SC).

4. The Binary Programming Model (ACPP/BP)

The first model is based on a binary programmingl@hdéormulation where the objective is to minimibe
number of crews required to serve all legs fronfightf schedule subject to a set of labor, operatioand
government constraints. This model is based ome¢ha@ork representation of the ACPP shown in Fidure

Monday Tuesday

Figure 3. Example of the network representation for the ACPP

In this network, legs are represented by nodedearible flight connections are represented by. &Mosles
0, 1, and 2 are auxiliary nodes that representatigregated base where a pairing begins and erals, th
beginning of a domestic flight, and the beginnirfgan international flight, correspondingly. Greemsa



represent connections between the aggregated bdswdes 1 and 2. Red arcs connect nodes 1 antth2 wi
nodes whose origin cities are a personnel basetadiyn they connect nodes with the aggregated lifase
their destination city is a personnel base. Thuscan identify the legs where pairings must begih end.
Blue arcs represent feasible daily connections éetwnodes, whereas purple arcs connect flights from
different days, guaranteeing in both cases thaté&stination city matches the origin city and tlepafture
time is at least the arrival time plus the grountktat the airport between connecting flights.

More formally, letG (N, A) be the directed acyclic graph composed of afebdesN = {0,..., i,..., hand
the set of arcé\ that represent feasible flight connectiong) The setN.=N \ {0, 1, 2}is comprised of
nodes that represent legs from the flight schedilereas the sé, ° is its complement (base nodes). Bet
be the set of cities that are personnel baSeand| are the sets of domestic and international cities,
respectively;,D the set of days of the week; a@dthe set of crews. Lat,.x be the maximum number of
crews in the solution. For a pairind,.is the maximum service timeP.., the maximum flying time, and
Pnaxthe maximum number of landings. Similarly, for lealuty, letd,.x be the maximum number of duties in
a pairing,tSdmaXthe maximum service timé¢, .. the maximum flying time, and..., the maximum number of
landings. Additionally,T is defined as the minimum rest time between carex duties. For each leg
associated to nodell N, lett, o, d, I;, t%, t3, t%, t%, be the day of the week, origin city, destinataty,
number of landings, departure time, arrival tinkginfy time, and ground time associated with theair of
the destination city, respectively. It is assuntett =t =t = |, = 0, for alli 0 N.°. Furthermore, lelt, be

a binary parameter equal to 1 if the flight repnted by nodeé 0 N_ begins in a national city, 0 otherwise;
and letri; be a binary parameter equal to 1 if the flightrespnted by nodell N, belongs to dag 0 D, 0
otherwise. Finally, let% (i O N.°) be the debriefing timeif0) and briefing time at a nationak{) and
international city i€E2). Regarding the decision variables,ﬂé‘tbe a binary variable equal to 1 if the flight
sequencei(j) O A is served by pairind;, O otherwise. The mathematical formulation for th@&PP/BP
follows:

Cmax
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The objective function (1) minimizes the numbermafrings required to cover all legs in a flight edhle.
The set of constraints (2) guarantees that all &¥gsserved exactly once. Constraints (3) guaracres
flow through the set of legs. The constraints in(4gindicate that each crew can leave the agteddgasase
node at most once to serve the first leg in thermai Constraint set (5) ensures that the city wtepairing
starts and ends is not only the same but alsosopeel base. The set of constraints (6) forces paiing
not to exceed the maximum number of duties allowednstraints (7) limit duty service time to its
maximum value. Constraints sets (8) and (9) linaitripg and duty flying time, respectively. Likewjse
constraints (10) and (11) limit the number of langdi for pairings and duties. Finally, the binaryuna of
the decision variables is defined in (12). Hendéfehe set of constraints (3)-(12) will be referiesl the
solution spac®.

5. The Set Partitioning M odel (ACPP/SP)

Let Q be the set of all feasible pairings. Izt be a binary parameter equal to 1 if paifngerves leg, 0
otherwise. Let® be the cost of pairing, 0 Q and#* a binary decision variable equal to 1 if pairjmds part
of the solution, 0 otherwise. The master problentdie ACPP/SP, denoted by MP follows:

MP(Q): min z= ) c" " (13)
P 0Q
subject to,
Y ak g =1 JON, (14)
pHQ
¢ 0{og 00 (15)

By fixing the costc® = 1 for each pairing, the objective minimizes thenber of pairings (13) required to
serve all flights exactly once. The constraint(4d) is known in the literature as tpartitioning constraints
because they guarantee that all legs are covereddntly one pairing. Constraint set (15) defirmeshinary
nature of the decision variables.

Note, however, that the mathematical formulatioacdbed by (13)-(15) assumes that all feasibleimgsr
are known beforehand. Such an explicit enumeratfail feasible pairings is a dreadful process ead be
computationally prohibitive even for moderate-dizgtances on the hundreds of legs.

To solve the problem, we propose a column genergi@G) approach. Instead of directly solving the
MP(Q), we solve a restricted master problem MIR)(whereQ; is a partial set of feasible pairings such that
Q,; O Q. In the auxiliary problem (subproblem), pairingait belong tdQ are generated using the reduced
cost of the column associated with the pairinghasctiterion for becoming part of MR(). The feasibility
of the generated pairing is guaranteed in the slthgm by enforcing the constraints (3)-(12) definthe



solution spac&. Finally, to solve the ACPP/SP via CG, the binaayure of the decision variables (15) is
relaxed, thus obtaining the following linear pragraing formulation for the restricted master problem

MP(Q]_)

MP(Q): min z= ) 6" (16)
P 0Qy
subject to,
> a =1 JON, (17)
P 0Q,
6<=0 ;p 0Q, (18)

The dual problem of MPY,) is defined as [i,), where/; is the (unrestricted) dual variable associateti wit
thei-th constraint from constraint set (17). The dual pFobD(@Q;) follows:

D(Q,): max z=> A (19)
iON,
subject to,
D& <1 PO (20)
iON,
A unrestriced JON, (212)

Note that a feasible pairing that violates constraint (20) does not belon@1ipbut toQ\Q;; for this reason,
p« is a good candidate to belong to §gt Hence, the following subproblem tries to find @rimg that
violates the set of constraints (20), that is, larom associated with a pairing with negative redunest.

mn z=1- Z/i Dg] (22)
{G.j) oAlioN}
subject to,
x®d (23)

Note that in the model defined by (22)-(23), theapzetera® from MPQ,) is replaced by;, a binary
variable equal to 1 if arg,() is used in the solution, 0 otherwise. These Wembelong to the spade that
is, it considers all ACPP/BP constraints that definfeasible pairing except the one that guarantedsall
legs are served exactly once.

The interaction between MR() and the subproblem works as follows. First, BB(passes the values of
the dual variableg; to the subproblem, where they are used as paresriat¢he objective function (22).
Once the subproblem is solved and it is possibldentify a feasible pairing with negative redumm;t the
set of legs that are served (built from thés) are sent back to MRY) as input for parametes (one
column). In the more general case that the pairosf €) depends on the structure of the generated pairing
this information would also be sent by the subgobto MPQ,). This communication process between the
two problems is done iteratively until no furtheasible pairings with negative reduced costs aradpthat

is, when there is no such pairing®Q;.



The solution for MPQ,) indicates which of the generated pairings in ghbproblem will serve all legs in
the least costly way. However, because the lingaxation of MPQ) is being solved, an integer solution is
not guaranteed. If the solution is not integerhat énd of the CG, we runkaanch-and-boungrocedure
with the set of generated columr@,) looking after an integer solution for the oridin@oblem. This
branch-and-bound (rounding) process often findslation with a value greater than or equal to thfathe

linear relaxation; but in the case no integer sotuis found, the linear relaxation found with C&uised as a
lower bound for the original problem.

6. The Set Covering Model (ACPP/SC)

The third proposed model is based on the set auyddrmulation in which the number of pairings is
minimized subject to serving all flight leastonce. The ACPP/SC formulation follows:

mn z= ) ¢ (24)
P LQ
subject to,
D a g =1 JiON, (25)
P Q
¢ 0{og Jute! (26)

The objective function (24) minimizes the cost lo¢ required crews. The set of constraints (25)catds
that a leg can be served more than once, meanaigi¢ladheadings allowed. Related to their planning
operations, airlines may fix a cost to allow or @iize deadheads, such as the opportunity costtaeliing
those plane tickets versus the cost of transpottiagrew by other means. Including deadheadintg c8%
the mathematical formulation for the ACPP/SC is ified as follows:

min z= chm“cdh[ﬁz Za,.kmk—|NL|J 27)

P 0y p0Q; 10N,
subject to,
> a8 21 JiON, (28)
P 0O
6“=0 ;P 0Q, (29)

The objective function defined by equation (27)ies two types of costs: a fixed cost related toeav's
base salary (selecting a pairing in the solutiorg a deadheading cost. The deadheading cost (sézwnd
in the objective function) is defined as the numtietimes a leg is served multiplied by the costgizing
it. Finally, to use CG, the integer nature of tleeidion variables in (26) is relaxed (29).

Similarly to ACPP/SP, a new optimality conditiontire ACPP/SC is derived and embedded in the foligwi
subproblem:

min z:[[c+cthinjJ— > A D(i]} (30)
(i,

(ii)oA i) OA
subject to,

xO® (31)



Because the pairing cost is the same for all pgariin equation (30) we defimg= c. The definition of this
new cost is important because now deadheading amsisicluded, and so, it is not possible to sinfid\c*
=1 as in the ACPP/SP. This formulation requirésréng of the magnitude @ compared te to allow or
forbid deadheads. Finally, the spaeeatisfies all ACPP/BP constraints that defineasitele pairing except
the one that guarantees that all legs are senaatlgnce.

Another common situation in airline planning openas is to allow crewayovers To incorporate layovers
in the ACPP/SC formulatiory; is defined as a binary variable equal to 1 if ¢hisra crew layover at the
destination city of nodegiven that this node belongs to the generatedngaid otherwise. Additionally, let
c’; be the cost of a layover at the destination dityamlei.

To connect decision variableg andy; we define a set of auxiliary variables. l&be the city where a
pairing begins aneé the destination city associated with nad# these two variables have the same value,
there is no layover in the destination city asdeciavith nodei. Additionally, lete; be a binary variable
equal to 1 if there is a layover at the destinatiby of nodei. The difference between andy; is that, in the
first one, there is no guarantee that npdehere there could be a layover, is actually stbaethe generated
pairing. The expressions to defi@ande, follow:

e=> >0,

JONION,
(32)
g = > d ¥ JHONLE <t
jON
(33)
Furthermore, the expressions that reéagmde with «; are:
g-€e+@l-a,)IM <M
é-e+(1-a,)M <M JON,
(34)

whereM >> 0.

Therefore, the mathematical formulation, includiteadheads and crew layovers, is:

(i,i)oA iON,

min z=[{c+cd“ 0> x +>.cP EyiJ— > A D(ij} (35)
(i,i)oa

subject to,
(32),(33),(34)

Yi =4 AUN
EDR HONLE <t (36)
iON
Yz % +a, -1 JONLE <t
jON
xO® (37)

y, 0{og AON (38)



a, 0{o3} AON, (39)
e =0 JON, (40)
€=0 (41)

7. Computational experiments

The proposed models were tested on flight schegu®sded by a mid-sized Colombian airline thatdies

an average of 152 flights per day, both domestitiaternational. The airline covers the fast grayiow-
fare market segment, thus facing particular chghken For instance, the airline recently launchedl iew
routes to its flight offer, complicating operatiptanning even more. The company operates a fleé#of
aircrafts of three types and a staff of 245 emmpmgydetween pilots, copilots, flight attendantg] anpport
personnel. Currently, crew planning is manuallyedhat is, the pairing definition is hand-builorfa daily
planning horizon, without considering deadheaddagovers, it can take nearly three hours to find a
reasonable solution. Consequently, the proposedelmodCPP/BP, ACPP/SP, and ACPP/SC were
developed as an alternative to make pairing planfaster and more efficient, thus providing thdirsr
with a tool to make it more competitive in the Gedow-cost airline market.

The models were evaluated using instances buith fiwe current airline’s flight schedule. The instas
were named using the following format F_DD, whenepresents the aircraft type and DD the collectibn
days of the week that define the planning horiZeor. example, instance D202_MT is used for planning
crew operations Monday through Tuesday for a Dagd®8. The three models were solved using the
commercial optimizer Xpress-MP/ersion 18.10.00 on a Dell Optiplex 755 with atelrCore(TM) 2 Duo
processor running at 3.00GHz and 4GB of RAM memory.

Table 1 shows the results for the ACPP/BP modet fliist column contains the name of the instanoe; t
second column defines the instance size in terntiseofumber of legs; the third and fourth columrespnt
the number of crews obtained with the linear rdiaxa(LR) of the original model and the integer rabd
respectively; and finally, the fifth column presethie computational time (in seconds).

Tablel: Resultsfor the ACPP/BP

Instance Legs Required Required Integer sol?  CPU time (s)
crews (LR) crews (IP)

D202_M 24 2 4 yes 2.41
D202_MT 48 4 4 yes 124.56
D202_MTW 72 4 4 yes 3557.02
D202_MTWT 96 4 4 yes 31427.63
D202_MTWTF 120 4 no 195.56
D202_MTWTEFS 138 4 no 488.06
D202_MTWTFSS 152 4 no 554.78
D201_M 99 16 16 yes 89.36
D201_MT 198 12 - no 3065.03
D201_MTW 297 -
D300_M 45 5 8 yes 10.53
D300_MT 89 8 no 8.57
D300_MTW 134 8 - no 194.43
D300_MTWT 178 8 no 1039.74

Table 1 shows that optimal solutions were found §oout of 14 instances with a relative variability
computational times. For one-day instances (D202D01 M, and D300_M) the solution matches the
hand-built solution in terms of the number of cremeeded. Due to the nature of the flight schedule,



which flights are the same from Monday through &yifor one of the aircrafts (D202), it was expedteat
solutions for instances associated with this typplane would be the same. For other instances; el
linear relaxation was reported (e.g., D300_MT)eiafiborting a long execution of the branch and Houn
procedure without even finding the first integetuson. The remaining instances were not even sblve
because computational time significantly increasid problem size.

Table 2 presents the results for the second maédd,P/SP compared against ACPP/BP. Integer solutions
were found for 4 out of 14 instances, spending tese than ACPP/BP. Note that computational savings
range from 35.32% (D201_M) to 93.13% (D202_MTW)r Bgo of these instances, the value of the linear
relaxation matches the integer solution (D202_M &®D0_ M) whereas in the two remaining cases
(D202_MT and D202_MTW), the number of required cseiw the integer solutions was larger than the
linear relaxation value shown in parenthesis. Adddlly, non-integer solutions match ACPP/BP restdt
three instances, but in less computational timetheétmore, note that the ACPP/SP provides tigliheal
relaxations than those obtained with ACPP/BP. Whth ACPP/SP model, it is possible even to solve the
linear relaxation of larger instances, includingli:week instance (D202_MTWTESS).

Table 2: Resultsfor the ACPP/SP

ACPP/BP ACPP/SP Improvement
Instance Legs CPU time
Required crews  CPU time (s) Required crews CPU time (s) Integer sol?

D202_M 24 4 2.41 4 0.73 yes 69.49%
D202_MT 48 4 124.56 5 (4) 18.80 yes 84.91%
D202_MTW 72 4 3557.02 6 (4) 244.38 yes 93.13%
D202_MTWT 96 4 31427.63 4 2137.94 no 93.20%
D202_MTWTF 120 - -- 5 15392.20 no -
D202_MTWTFS 138 - -- 5 96754.12 no

D202_MTWTFSS 152 - - 6 122371.00 no -
D201_M 99 16 89.36 16 57.80 no 35.32%
D201_MT 198 - -- 16 5473.89 no

D201_MTW 297 - -- 16 351045.23 no -
D300_M 45 8 10.53 8 5.11 yes 51.49%
D300_MT 89 9 9 290.06 no

D300_MTW 134 9 7379.73 no

D300_MTWT 178 9 72692.00 no

One of the main reasons why computational tim@ikag is because decision variables in the sulbpmob
are defined for all possible flight connections tireeprecedence relations and time windows. Howewer
analyzed ACPP/SP solutions in depth and found iseage of connections between flights more than two
days apart (e.g., a leg on Monday does not corwigitta leg on Thursday or a day after that). Takimg
account the specific instances on hand we modifiedmathematical formulation of the subproblem by
pruning many variables, that is, we created onbgéhvariables allowing connections between legsoie
than two days apart. Table 3 reflects the drantatioputational savings in M¢) by applying this variable
pruning strategy especially in large problems. fgtance, the full-week instance D202_MTWTFSS was
solved 48.40% faster compared to the original AGPPformulation. Finally, note that this strategy is
supported by the fact that the instances refleetdperational policies of the airline, but in gehethis
pruning strategy could sacrifice optimality or eweorse, solution feasibility.



Table 3: Resultsfor the ACPP/SP with variable pruning strategy

ACPP/SP original ACPP/SP less variables Improvement
Instance Legs CPU time
Required crews  CPU time (s) Required crews CPU time (s) Integer sol?

D202_M 24 4 0.73 4 0.36 yes 50.95%
D202_MT 48 5(4) 18.80 5(4) 21.11 yes -12.31%
D202_MTW 72 6(4) 244.38 6 (4) 255.16 yes -4.41%
D202_MTWT 96 4 2137.94 4 1523.25 no 28.75%
D202_MTWTF 120 5 15392.20 5 10917.50 no 29.07%
D202_MTWTFS 138 5 96754.12 5 45825.80 no 52.64%
D202_MTWTFSS 152 6 122371.00 6 63137.40 no 48.40%
D201_M 99 16 57.80 16 23.50 no 59.34%
D201_MT 198 16 5473.89 16 4137.16 no 24.42%
D201_MTW 297 16 351045.23 16 160639.00 no 54.24%
D300_M 45 8 5.11 8 2.44 yes 52.29%
D300_MT 89 9 290.06 9 131.47 no 54.68%
D300_MTW 134 9 7379.73 9 3423.08 no 53.62%
D300_MTWT 178 9 72692.00 9 55903.30 no 23.10%

After analyzing several execution profiles we olsdrthat the problem is highly degenerated. This
partially explained because all pairing costs wegeal ¢ = 1), thus causing no differentiation between
pairings. Therefore, we defined a new column pgainiterion based on pairing sit time, that is, timee
during which a crew is not doing activities suctflgmg or effectively serving on the ground, amauttper
tasks. We chose this criterion to make the mostiefft possible use of each crew, assuming thah eac
minute a crew is idle, the company is likely toveasting a very expensive resource. Therefore, cast
(c") was replaced by a fixed crew cos @nd a variable cost related with crew sit tirf8)( Table 4 shows
the results obtained with the new pricing criteridie first important remark is an improvement lie t
number of required crews if the solution to the AZHP is integer for 7 out of 8 instances (e.g.,DRAT)
while maintaining the same values for the linedaxation than with previous models. Moreover, ieteg
solutions were obtained for more instances with ttesv pricing criterion than with the original
implementation of the ACPP/SP and with the prungtgategy (e.g., D202_MTWT). However, these
improvements are obtained under higher computdttones.

Table 4: Resultsfor the ACPP/SP using the sit time pricing criterion

ACPP/SP less variables ACPP/SP sit time Improvement
Instance Legs .
Required crews CPU time(s) Integersol? Requiredcrews CPU time (s) Integer sol? CPU time
D202_M 24 4 0.36 yes 4 0.45 yes -25.83%
D202_MT 48 5(4) 21.11 yes 4 50.20 yes -137.82%
D202_MTW 72 6 (4) 255.16 yes 5(4) 244.45 yes 4.20%
D202_MTWT 96 4 1523.25 no 5(4) 3026.88 yes -98.71%
D202_MTWTF 120 5 10917.50 no 8(5) 45252.40 yes -314.49%
D202_MTWTFS 138 5 45825.80 no 8(6) 92593.60 yes -102.06%
D202_MTWTFSS 152 6 63137.40 no - - - -
D201_M 99 16 23.50 no 16 83.31 yes -254.51%
D201_MT 198 16 4137.16 no 17(16) 48483.00 yes -1071.89%
D201_MTW 297 16 160639.00 no - -
D300_M 45 8 2.44 yes 8 3.44 yes -41.10%
D300_MT 89 9 131.47 no 9 572.47 yes -335.44%
D300_MTW 134 9 3423.08 no 10(9) 11361.10 yes -231.90%
D300_MTWT 178 9 55903.30 no - - - -




Finally, Table 5 shows the results for the ACPP/f®&€luding deadheads and layovers. In this case,
deadheads were penalized with a cost greater Hadrot a crew, assuming they are extremely undasira
(may change with the airline’s policies). Basedtha good results obtained with variable pruning and
pairing pricing differentiation on the ACPP/SP, Wapt these changes for the ACPP/SC. Note thaténteg
solutions were found for 12 out of 14 instances #radvalue of the linear relaxation was improveds |
important to point out that a solution for a fuleek instance (D202_MTWTFSS) was obtained in nektly
hours. Although this may seem as a long computatitime, the airline plans its operations only ftiores

per year: end-of-year holidays, Holy Week, summaecation, and low season. Once planned, a weekly
schedule is repeated throughout the season. Iti@udi is important to compare this time with ttieee
hours it takes the airline to manually plan muchper daily activities.

Table5: Resultsfor the ACPP/SC

Instance Legs Required crews CPU time (s) Integer sol?
D202_M 24 4 0.56 yes
D202_MT 48 4 40.64 yes
D202_MTW 72 5(4) 419.09 yes
D202_MTWT 96 4 1928.91 yes
D202_MTWTF 120 6(5) 21367.80 yes
D202_MTWTFS 138 6 24424.30 yes
D202_MTWTFSS 152 7(6.5) 38356.50 yes
D201_M 99 16 76.70 yes
D201_MT 198 18(16) 40296.90 yes
D201_MTW 297 21 (16) 454811.00 yes
D300_M 45 8 1.19 yes
D300_MT 89 9 106.61 yes
D300_MTW 134 9 4079.89 yes
D300_MTWT 178 12(9) 7076.46 yes

8. Concluding Remar ks and Future Resear ch

We proposed a set of optimization models to minarttze number of crews required to cover all lega in
weekly flight schedule for a mid-sized commerciiliree operating in the low-fare market. The ACPP/B
which serves as a benchmark formulation, shows sorngutational limitations and fails to solve large
instances. Modeling the ACPP as a SPP resultsanABPP/SP, a model that provides solutions that,
although not always integer, can be used as a Idwend for other models or procedures. Allowing
deadheads, relaxes the SPP into a SCP model, giisagto the ACPP/SC. This model finds integer
solutions for more (and larger) instances thanA6&®P/BP and the ACPP/SP, and provides a wide yariet
of solutions for a particular instance dependinghanairline’s level of deadhead desirability. Tgreposed
ACPP/SC formulation includes realistic conceptshsae crew costs, sit-time costs, deadheads, aoddes,

With the ACPP/SC instances ranging from 24 legsO@2) to 297 legs (D201 _MTW) were solved in
computational times from 0.56 seconds to 11.20 $10When compared to the current airline planning
operations, it is worth mentioning that planningirgle day takes 3 hours without any proof of tbleitson
quality. On the other hand, with the proposed nedet largest single-day instance runs in less tivan
minutes with a quality assurance. It is expected the set of proposed models will improve crewnpiag

in the airline so as to generate significant ansagings and to increase its competitiveness.

Future research currently underway includes theggdeand implementation of heuristic methods to iower
the efficiency of the subproblem in the column gatien technique. Particularly, a promising line of
research is the extension of the results obtairi¢id thve heuristic based @plit described in Vargas et al.



(2009) applied to the case of a multiple day plagriorizon. It is also challenging and of practicdérest

to integrate models for th&irline Crew Rostering Problemwith the ACPP so that it could become possible
to define complete crew plans. To evaluate the isbdealability and performance it is importanttty
them on different airlines and with larger instandeinally, the ACPP/SC formulation could be maatifito
consider flights that require two or more crewglsas it happens in overseas flights.
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