
Robust Flight Scheduling -

An Analytic Approach to Performance Evaluation

and Optimization

Brigitte Fuhr

Clausthal University of Technology, Lufthansa Airlines

April 23, 2007

Abstract

The 
ight scheduling process of most major airlines is mainl y based on deter-

ministic rules disregarding the stochastic nature of airli ne operations. Creating

schedules which are robust against daily disruptions and at the same time follow

aircraft productivity goals requires a stochastic model. O ften the model is for-

mulated in terms of a Monte Carlo simulation which forecasts the operational

schedule performance. This paper focuses on an analytic modeling approach

that can be used for punctuality evaluation and moreover pro vides an algorithm

to calculate the optimal basic planning parameters in terms of block times and

ground times.
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Nomenclature.

In the following notations index i refers to aircraft rotations while index j refers to

the legs within the rotation:

A i;j cumulative probability distribution for X arr
i;j ;

ATA actual time of arrival,

ATD actual time of departure,

bi;j scheduled block time,

D i;j cumulative probability distribution for X dep
i;j ;

F BT
i;j cumulative probability distribution for X BT

i;j ;

F GT
i;j cumulative probability distribution for X GT

i;j ;

gi;j scheduled ground time,

I [a;b] indicator function for the interval [ a; b]

mi;j minimum ground time,

N number of aircraft rotations in the schedule;

N i number of legs in rotation i ,

STA i;j scheduled time of arrival,

STDi;j scheduled time of departure,

T di;j (� ) departure punctuality target for the � -minutes threshold

T ai;j (� ) arrival punctuality target for the � -minutes threshold

X arr
i;j random variable for the arrival delay;

X BT
i;j random variable for the block time;

X dep
i;j random variable for the departure delay;

X GT
i;j random variable for the aircraft turn time ;

� convolution operator

Airport Codes

DUS D•usseldorf

FRA Frankfurt

HAM Hamburg

MUC Munich

TXL Berlin (Tegel)
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1 Introduction.

The airline industry faces ongoing hard competition not only between di�erent compa-

nies but also between di�erent business models. In recent years more and more no-frill

start-ups have entered the market o�ering point-to-point t ra�c. Therefore, airlines

operating traditional hub-and-spoke systems are more thenever forced to serve their

passengers attractive routings with minimal travel time and high punctuality.

These requirements pose a challenge to airlines, since aircraft productivity and elapse

time goals densify the schedule while punctuality goals necessitate additional aircraft

capacity: On one hand, scheduled block times, which are traditionally set as per-

centiles of historical block time data can be increased. On the other hand, additional

ground time bu�ers within aircraft rotations can prevent de lay propagation.

To account for real life stochasticity it is necessary to mapthe schedule operation

on a stochastic model where the involved 
ight and ground-handling processes are

represented by continuous random variables. These models can be used in stochastic

event-driven simulations in which every simulation run represents one realization to

provide a schedule performance forecast after a su�cient number of runs. Simulations

o�er great extendibility and animation potentials but also have some disadvantages

concerning speed of convergence. Alternatively, the schedule performance can be

evaluated by direct analytic calculation.

While there is a variety of literature about 
ight schedule s imulation (e.g. (2)), ana-

lytic models are still rare. This paper introduces an analytic convolution model which

overcomes the drawbacks of simulation. The remainder of this paper is structured as

follows: Section 2 introduces a convolution model for the 
ight operation considering

aircraft rotations with block times 1 and ground times. Section 3 focuses on the model

evaluation using an approximation method while section 4 shows how the approach

can be applied in schedule planning by optimizing the schedule parameters according

to pre-de�ned performance targets.

2 Convolution Model.

Most ground-handling processes, for example boarding of passengers, usually do not

start until a certain time before scheduled time of departure, independently from the

actual arrival time of the preceding 
ight. To account for th is fact in the model, an

on-time departure of leg i in rotation j does not only depend on the previous leg's

arrival delay but also on ful�llment of the turn process of mi;j . Thereby, mi;j � gi;j

denotes the earliest ground process start time before scheduled time of departure.

1Block time de�nes the time between leaving the gate at the ori ginating airport and gate arrival

at the destination airport.
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Every aircraft rotation is considered to start with the grou nd process before the �rst

leg. The respective random variable for the departure delayis:

X dep
i; 1 = Max( X GT

i; 1 � mi; 1; 0) ; 8 i = 1 ; : : : ; N:

From this it follows for the cumulative probability distrib ution (CDF) that:

D i; 1(t) = ( F GT
i; 1 � I [m i; 1 ;1 ) )(mi; 1 + t) ; 8 i = 1 ; : : : ; N; t � 0:

The arrival delay is

X arr
i;j = X dep

i;j + X BT
i;j � bi;j :

Since it can be assumed that the departure delay and the following block time are

independent, the CDF of X arr
i;j can be expressed as follows:

A i;j (t) = ( D i;j � F BT
i;j )(bi;j + t) ; 8 i = 1 ; : : : ; N; j = 1 ; : : : N i ; t � 0; (1)

where � denotes the convolution operator. Forj � 2 the departure delay is

X dep
i;j = Max

�
Max(X arr

i;j � 1; pi;j ) + X GT
i;j � gi;j ; 0

�

= Max
�
Max(X arr

i;j � 1 � pi;j ; 0) + X GT
i;j � mi;j ; 0

�
;

where pi;j = gi;j � mi;j . Considering the CDF we have for all i = 1 ; : : : ; N; j =

1; : : : N i :

D i;j (t) =
�
((A i;j � 1 � I [pi;j ;1 ) ) � F GT

i;j ) � I [gi;j ;1 )
�

(gi;j + t); t � 0: (2)

Due to the recursive structure an exact calculation of the convolution products in

(1) and (2) is very time-consuming. Therefore, an approximation for the convolution

product has to be found in the next section.

3 Model Evaluation.

The analytical solution of the recursive convolution termsin (1) and (2) is not straight

forward. In such a case the most obvious alternative is a numerical evaluation of

the equations which still causes runtime problems due to theconvolution terms. A

di�erent approach is solving the convolution terms by simulation. This approach has

its drawback in opposing the major advantages of an analyticmodel. Instead of using
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simulation within this model we might as well simulate the problem as a whole and

directly derive the punctuality values 2.

To keep the advantages of the analytic model and ensure an acceptable runtime, a

third way is chosen by deriving an approximation for the convolution. Using this

approximation schedule performance can be evaluated stepwise within short runtime.

In the second part of this paragraph the approximation method will be applied to an

exemplary aircraft rotation. It will be shown how approxima ted values di�er from

the results of an exact analytical calculation and from the output of a corresponding

simulation respectively.

3.1 Approximation.

The aim of this section is to �nd an approximation for the convolution terms intro-

duced in section 2. Therefore, distribution assumptions for the block and turn times

need to be made.

Process Time Approximation.

In the following the block and turn times will be represented by so-called Erlang-

Exp and Exp-Erlang distributions, which have been introduced in (1). Using the

�rst three moments of the empirical distribution, the param eters of these continuous

time acyclic phase type distributions with minimal order ar e calculated by closed

formulas. Erlang-Exp and Exp-Erlang distributions are composed of ann � 1-Erlang

distribution with parameter � y and an additional exponential phase with rate� x (see

�gure 1). The choice between the two distribution types depends on the �rst three

moments.

Figure 2 shows a QQ-plot for the empirical turn time in FRA compared to the cor-

responding Erlang-Exp distribution. Since the two distributions agree in their �rst

three moments, the turn time is well represented by the phasetype distribution.

Convolution Approximation.

The acyclic phase type distributions are a subclass of the� -exponential polynomials

which have been introduced in (3):

3.1 De�nition.

A function H : IR+
0 ! IR+

0 of the form

H (t) :=
nX

i =1

H i (t) with H i (t) =

8
<

:
ai (t � � i )k i e� � i ( t � � i ) for t � � i ;

0; for t < � i

;

2For discussion of this method see introduction.
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Figure 1: Erlang-Exp (top) and Exp-Erlang distribution (bo ttom).

Figure 2: QQ-plot for the turn time in FRA compared to the corr esponding Erlang-

Exp distribution.
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with ai 2 IR; � 2 IR+
0 ; ki 2 IN 0; � i 2 IR is called � -exponential polynomial.

Figure 3 shows the phase diagram of� -exponential polynomials. The parameter

ci := a i k i !
� k i +1

i

can be interpreted as branching probabilities if ci 2 [0; 1]. In (3) it is

shown that the class of � -exponential polynomials is closed under integration, dif-

ferentiation, multiplication and convolution (see appendix). Therefore, the density

and the distribution function of Erlang-Exp and Exp-Erlang distributions can be

formulated as � -exponential polynomials. When modeling block and turn times the

parameters� correspond to the empirical minima, which guarantees minimal process

durations. Furthermore, the translation of the individual terms ensures that block

and turn times can be represented using a small number of stages.

Figure 3: Representation of� -exponential polynomials by phase diagram.

The closures properties make it possible to calculate the distribution functions in (1)

and (2), using Erlang-Exp and Exp-Erlang distributions for the initial process times.

Applying this method, the following problem occurs for many aircraft rotations: After

a few legs the parameters of the corresponding� -exponential polynomial become very

large, so that exact calculation of the formulas is time-consuming. This is mainly

caused by the convolution product. Therefore, we substitute the convolution of two

distribution functions F1 and F2 by the following approximation method:

(a) Calculate the �rst three moments x i of F1 and yi of F2, i 2 f 1; 2; 3g.

(b) Calculate the moments zi ; i 2 f 1; 2; 3g of F1 � F2 by

z1 = x1 + y1

z2 = x2 + 2 x1y1 + y2

z3 = x3 + 3 x2y1 + 3 x1y2 + y3:
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(c) Use zi ; i 2 f 1; 2; 3g for the approximation of F1 � F2 by an Erlang-Exp or Exp-

Erlang distribution with the method introduced in (1).

The moments of � -exponential polynomials are given by the following theorem which

can be found in (3).

3.2 Theorem.

Let H (t) =
nP

i =1
H i (t) be a � -exponential polynomial. For l 2 IN the l th moment of H

is

E l (H (t)) =
nX

i =1

E l (H i (t)) ;

where

E l (H i (t)) =
ai ki !

� k i +1
i

lX

j =0

�
l
j

�
jQ

m =1
(ki + m)

� j
i

� l � j
i :

The next example will illustrate the introduced calculatio n method.

3.2 Example.

In this paragraph the model is applied to a typical one-day inner European aircraft

rotation, where the focus is on the accuracy of the approximation method introduced

in 3.1.

Table 1 shows a ten-leg aircraft rotation with corresponding scheduled block times as

well as the �rst three empirical moments mi ; i 2 f 1; 2; 3g and minima of the historical

data. The model further requires the scheduled ground timesas well as the minimum

ground times (MinGT) and the historical turn process durati ons which are shown in

table 2.

Figure 4 shows the di�erence between the results of the exactmodel calculation

and the approximated values for the �rst �ve legs of the aircr aft rotation. It can

be seen, that the percental deviation of the exact punctuality values from the ones

calculated by the convolution approximation is without pra ctical importance. The

same conclusion can be drawn from �gure 5 which shows the di�erence between

the approximated punctualities from the ones determined bya corresponding Monte

Carlo simulation. It can be seen that for most processes the deviation is below the

uncertainty range of the simulation which is indicated by the line. Even the maximum

deviation is below 2.5% which corresponds to approximatelyone percentage point of

punctuality (see �gure 6). While the exact calculation as well as the simulation are
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Schedule Empirical Data

j Origin Destination ST Di;j ST Ai;j Min m1 m2 m3

1 FRA MUC 04:00 04:55 36 51.86 2739.39 147645.55

2 MUC DUS 05:45 06:55 50 65.91 4386.89 294978.76

3 DUS MUC 07:35 08:45 51 70.08 4951.06 352861.43

4 MUC FRA 09:30 10:35 41 63.49 4079.94 265441.12

5 FRA HAM 11:30 12:30 43 59.87 3615.96 220365.89

6 HAM FRA 13:10 14:20 46 68.04 4679.04 325499.69

7 FRA TXL 15:10 16:15 44 64.73 4217.6 276716.1

8 TXL MUC 17:00 18:05 50 65.44 4319.79 287831.93

9 MUC TXL 18:50 19:55 50 64.56 4202.95 275961.28

10 TXL FRA 20:35 21:40 52 64.17 4160.11 272671.74

Table 1: Inner European aircraft rotation.

Schedule Empirical Data

j Airport ST Ai;j � 1 ST Di;j MinGT Min m1 m2 m3

1 FRA 03:10 04:00 50 39 48.1 2332.75 114113.02

2 MUC 04:55 05:45 45 35 42.86 1852.69 80829.62

3 DUS 06:55 07:35 40 24 35.4 1265.46 45823.49

4 MUC 08:45 09:30 45 35 42.86 1852.69 80829.62

5 FRA 10:35 11:30 50 39 48.1 2332.75 114113.02

6 HAM 12:30 13:10 40 27 38.5 1493.95 58570.1

7 FRA 14:20 15:10 50 39 48.1 2332.75 114113.02

8 TXL 16:15 17:00 40 27 36.7 1358.09 50810.22

9 MUC 18:05 18:50 45 35 42.86 1852.69 80829.62

10 TXL 19:55 20:35 40 27 36.7 1358.09 50810.22

Table 2: Ground processes within the aircraft rotation.
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time-consuming, the approximative result is available within seconds, even for 
ight

schedules with several hunderd aircraft rotations.

Figure 4: Percental deviation of the exact punctualities D i;j (0) and A i;j (0) from the

approximated results.

Figure 6 shows for all legs the departure and arrival punctuality D i;j (t) and A i;j (t) for

t 2 f 0; 3; 15g. In addition to the ful�llment of scheduled block times, the level of the

punctuality depends on the ful�llment of minimum ground tim es as well as on ground

time bu�ers. Closer consideration of tables 1 and 2 indicates these dependencies. For

example the ground times between legs 1 and 2 (in MUC), legs 4 and 5 (in FRA) and

legs 7 and 8 (in TXL) contain �ve minutes punctuality bu�er le ading to signi�cant

punctuality improvements in all cases.

In the next section we will use this example to show how our model can be applied in

schedule planning to determine block times and ground timesful�lling given punctu-

ality targets.

4 Application to Schedule Planning.

As mentioned earlier, punctuality target values cannot be used as input parameters

in schedule planning at present. The standard procedure is to determine the block

time for a speci�c leg by taking a percentile of the last period's empirical distribution,

which can be interpreted as a punctuality target at the 0-minutes-threshold. Block
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Figure 5: Percental deviation of the simulated punctualitiesD i;j (0) and A i;j (0) from

the approximated results.

Figure 6: Punctuality calculated by the approximation meth od.
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time and ground time determination for punctuality targets under consideration of

delay propagation within aircraft rotations is not possibl e.

The introduced analytic model allows to explicitly incorporate punctuality targets in

the block time and ground time determination. Therefore, weset for a t0 � 0 a target

value for D i;j (t0) and A i;j (t0) and calculate the corresponding required quantile values

using the formulas developed in section 2.

The �rst part of this section formulates the equations to be solved to �nd the block

times and ground times. In the second part, these equations are solved and applied

to the example introduced in 3.2.

4.1 Quantile Equations.

Using the model enables us to determine block times and ground time bu�ers ac-

cording to departure and arrival punctuality targets. The k ey problem is that (2)

contains two parameters to solve for, namely the minimum ground time mi;j and the

scheduled ground timegi;j � mi;j . This means that minimum ground times have to

be set �rst and then the model formulas can be used to optimizeblock times and

allocate the ground time bu�ers pi;j = gi;j � mi;j . Clearly, the optimization result de-

pends on the choice of the minimum ground time which means that short mi;j lead to

more capacity in block times and ground time bu�ers. Moreover, minimum ground

times must be set so that ground process performance withoutrotational delay at

least reaches the departure punctuality target. However, minimum ground times are

usually set according to individual airport facilities and are given as �xed parameters

in schedule planning. The optimization examples below werecalculated using the

minimum ground times in table 2.

Considering (1) and (2) it can be seen that for all i = 1 ; : : : ; N; j = 1 ; : : : N i the

following equations have to be solved:

T di;j (t0) =
�
(A i;j � 1 � I [x i;j ;1 ) ) � F GT

i;j

�
(mi;j + x i;j + t0); j > 1 and (3)

T ai;j (t0) = ( D i;j � F BT
i;j )(min BT

i;j + yi;j + t0): (4)

The formulas can be used to alternately determine the block time quantiles x i;j and

ground time quantiles yi;j . The inverse functions in (3) and (4) cannot be formulated

in a closed form. Therefore, the valuesx i;j and yi;j are found by binary search. With

this method the required block times and ground times can be found within short

calculation time. Block times are generally rounded to the full minute. In order

to keep the rounding in
uence on the results at a minimum, we did not round to a

5-minute-grid which is IATA (International Air Transport A ssociation) standard in

Europe.
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4.2 Optimization Results.

In the next step the equations from 4.1 are going to be appliedfor optimization of

the introduced aircraft rotation. Let mi;j be the minimum ground time and gi;j the

respective ground time including bu�ers. Setgi; 1 = mi; 1 for the �rst ground process of

every rotation. D i; 1 can be determined and using (1) �nally leads toD i; 1 � F BT
i; 1 . From

the second leg on ground time determination is more involved, since the distribution

D i;j in (2) includes the bu�er pi;j = gi;j � mi;j , which is the objective variable.

As already mentioned, this problem is solved by binary search. Going on with this

method across the entire rotation gives us the ground times and block times in table

3. The corresponding punctuality values can be found in �gures 7 and 8.

Leg Ground Time

T(0) = 0 :68

Block Time

T(0) = 0 :68

Ground Time

T(15) = 0 :92

Block Time

T(15) = 0 :92

FRA-MUC 50 55 50 49

MUC-DUS 50 70 45 69

DUS-MUC 40 74 40 70

MUC-FRA 48 68 45 67

FRA-HAM 58 63 50 62

HAM-FRA 48 72 40 71

FRA-TXL 58 68 50 67

TXL-MUC 40 69 40 66

MUC-TXL 48 68 45 67

TXL-FRA 40 68 40 65

Sum 480 675 445 653

Table 3: Optimized block times and ground times forT(t0) = T di;j (t0) = T ai;j (t0).

In both cases the punctuality curves show only small deviations from the line which

indicates the target value. These deviations are mainly dueto the rounding to full

minutes. In the next step the optimized punctualities will b e compared to the punctu-

ality of the original schedule, which has been determined using conventional planning

methods.

Table 4 shows the block times and ground times of the originalschedule and for the

optimization using T di;j (0) = T ai;j (0) = 0 :565. This punctuality target leads to the

same capacity requirements as the original schedule (1110 minutes).
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Figure 7: Punctuality for the block times and ground times in table 3, columns 1 and

2.

Figure 8: Punctuality for the block times and ground times in table 3, columns 3 and

4.
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Leg MinGT

Origi-

nal

GT

Origi-

nal

BT

Origi-

nal

GT

Opti-

miza-

tion

BT

Opti-

miza-

tion

FRA-MUC 50 50 55 50 53

MUC-DUS 45 50 70 46 68

DUS-MUC 40 40 70 40 72

MUC-FRA 45 45 65 45 67

FRA-HAM 50 55 60 50 63

HAM-FRA 40 40 70 40 71

FRA-TXL 50 50 65 50 68

TXL-MUC 40 45 65 40 68

MUC-TXL 45 45 65 45 67

TXL-FRA 40 40 65 40 67

Sum 445 460 650 446 664

Table 4: Block times and ground times of the original schedule and for the optimiza-

tion.

As can be seen in �gure 9, the punctuality for the optimized schedule shows less 
uctu-

ation than the punctuality of the original schedule which is important for connecting

passengers for example. Moreover, table 5 shows that the mean punctuality

P(t) =
1
N

NX

i =1

0

@ 1
2N i

N iX

j =1

(D i;j (t) + A i;j (t))

1

A

is higher for the optimization.

Punctuality Original Optimization

P(0) 52:86% 57:18%

P(3) 68:07% 71:83%

P(15) 94:76% 95:77%

Table 5: Mean punctuality values for the original schedule and the optimization

Concluding it can be stated that the application of the intro duced optimization ap-

proach in schedule planning provides a more e�ective usage of aircraft capacity.
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Figure 9: Punctualities D i;j (0) and A i;j (0) for the block times and ground times in

table 4.
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5 Appendix.

For the model calculation, the following closure properties of � -exponential polyno-

mials are used.

5.1 Theorem.

The class of� -exponential polynomials is closed under integration. Thede�nite inte-

gral of H (t) =
nP

i =1
ai (t � � i )k i e� � i ( t � � i ) is given by:

G(t) :=

tZ

0

H (s)ds =
nX

i =1

I [� i ;1 ) (t)Ĥ i (t) with

Ĥ i (t) =

8
><

>:

k iP

l =0

a i k i !
� k i +1 � l

i l !
(t � � i ) l e� � i ( t � � i ) + ai

k i !
� k i +1

i

; � i > 0

a i
k i +1 (t � � i )k i +1 ; � i = 0 :

5.2 Theorem.

The class of � -exponential polynomials is closed under di�erentiation. The �rst

derivate of a � -exponential polynomial H (t) =
nP

i =1
ai (t � � i )k i e� � i ( t � � i ) is

G(t) := dH (t)=dt =
nX

i =1

I [� i ;1 ) (t)dH i (t)=dt;

where

dH i (t)=dt =

8
<

:

ai ki (t � � i )k i � 1e� � i ( t � � i ) � ai (t � � i )k i e� � i ( t � � i ) ; ki > 0

� ai � i e� � i ( t � � i ) ; ki = 0 :

5.3 Theorem.

The class of� -exponential polynomials is closed under convolution. Theconvolution

of two � -exponential polynomials h(t) and h(t) is given by:

h(t) � H (t) =
nX

i =1

NX

j =1

I [� ij ;1 ) (t)H ij (t);

where � ij := � i + � j and

H ij (t) =

8
<

:
Ĥ ij (t); � i 6= � j

a i A j k i !K j !
(k i + K j +1)! (t � � ij )k i + K j +1 e� � i ( t � � ij ) ; � i = � j :

Ĥ ij (t) =
k iX

l =0

(� 1)l
� K j + l

l

�
ai A j ki !K j !

(ki � l )!(� j � � i )K j + l +1 (t � � ij )k i � l e� � i ( t � � ij )

+
K jX

l =0

(� 1)l
� k i + l

l

�
A j ai K j !ki !

(K j � l )!( � i � � j )k i + l +1 (t � � ij )K j � l e� � j ( t � � ij ) :
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5.4 Theorem.

The class of� -exponential polynomials is closed under multiplication. The product

of two � -exponential polynomials h(t) and h(t) is given by:

h(t) � H (t) =
nX

i =1

NX

j =1

I [� ij ;1 ) (t)H ij (t);

where � ij := Max(� i ; � j ) and

H ij (t) =

8
>>><

>>>:

Ĥ ij (t); � i > � j

�H ij (t); � j > � i

hij (t); � i = � j :

Ĥ ij (t) =
K jX

l =0

�
K j

l

�
A j ai (� i � � j )K j � l e� � j ( � i � � j ) (t � � i )k i + l e� ( � i +� j )( t � � i ) ;

�H ij (t) =
k iX

l =0

�
ki

l

�
A j ai (� j � � i )k i � l e� � i (� j � � i ) (t � � j )K j + l e� ( � i +� j )( t � � j ) ;

hij (t) = A j ai (t � � j )K j + k i e� (� j + � i )( t � � j ) :
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